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INTRODUCTION
The c o n c e p t  o f  norm al  su b g ro u p  and  homomorphism o f  a 
g ro u p  i s  c l a s s i c a l .  Assum ing  a f a m i l i a r i t y  w i t h  e l e m e n t a r y  
g ro u p  t h e o r y ,  t h i s  t h e s i s  p r e s e n t s  a s t u d y  o f  t h e  e x t e n s i o n  
o f  c e r t a i n  w e l l - k n o w n  g ro u p  t h e o r e t i c  r e s u l t s  t o  w e a k e r  s y s ­
t e m s ,  t h e r e b y  e x a m in in g  t h e  d e p e n d e n c e  o f  t h e s e  r e s u l t s  on 
t h e  g ro u p  a x io m s .  T h i s  s t u d y  may b e  d i v i d e d  r o u g h l y  i n t o  
two p a r t s .
F i r s t ,  we u s e  t h e  d e v i c e  o f  "hom omorphism ", w h ic h  i s  
i n d e p e n d e n t  o f  t h e  a s s o c i a t i v e  ax iom ,  t o  g e n e r a l i z e  t h e  c o n ­
c e p t  o f  n o rm a l  s u b g ro u p  t o  t h e  n o n - a s s o c i a t i v e  ( lo o p )  c a s e .  
U s in g  t h e  r e s u l t s  o b t a i n e d ,  we i l l u s t r a t e  a p p l i c a t i o n s  o f  
n o r m a l i t y  i n  l o o p s ,  and g i v e  lo o p  a n a l o g u e s  t o  f a m i l i a r  g rou p  
t h e o r e t i c  c o n c e p t s .  A l s o ,  t h e  p r o b l e m  o f  d e s c r i b i n g  n o rm al  
s u b s y s t e m s  i n  t h e  c a s e  w h e re  b o t h  a s s o c i a t i v i t y  and an  i d e n ­
t i t y  e l e m e n t  a r e  l a c k i n g  i s  c o n s i d e r e d ,  and  i s  shown t o  b e ,  
i n  a s e n s e ,  e q u i v a l e n t  t o  t h e  same p r o b l e m  f o r  l o o p s .
I n  t h e  s e c o n d  p a r t ,  we t u r n  o u r  a t t e n t i o n  t o  c o l l e c t i o n s  
o f  n o rm a l  s u b s y s t e m s ,  and p r o v e  t h e  S c h r e i e r  and J o r d a n - H o l d e r  
Theorems i n  t h e  n o n - a s s o c i a t i v e  c a s e ,  u s i n g  a rg u m e n ts  q u i t e  
s i m i l a r  t o  t h e  u s u a l  ones  u s e d  f o r  g r o u p s .  T h is  i s  f o l l o w e d  
by  a d e v e lo p m e n t  o f  l a t t i c e  t h e o r y  w h ic h  i s  s u f f i c i e n t  t o  
show t h a t  t h e  c o l l e c t i o n  o f  n o r m a l  s u b l o o p s  o f  a lo o p  i s  a 
m o d u la r  l a t t i c e  and t h a t  t h e  J o r d a n - H o l d e r  t h e o r y  f o r  l o o p s
1
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2
(and  h e n c e  g r o u p s ) ,  I s  o n l y  an  exam ple  o f  a more g e n e r a l  
t h e o r y .
The a u t h o r  w i s h e s  t o  e x p r e s s  h i s  t h a n k s  t o  P r o f e s s o r  M< 
R. C owell  f o r  h i s  e n c o u ra g e m e n t  and  a d v i c e  i n  w r i t i n g  t h i s  
t h e s i s ,  and i n  p a r t i c u l a r ,  h i s  h e l p  w i t h  S e c t i o n  2 ,  C h a p te r
I I .
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CHAPTER I  NORMAL SUBSYSTEMS
S e c t i o n  1 . G r o u p s . Any su b g ro u p  H o f  a  g roup  G decom­
p o s e s  G i n t o  c o s e t s  i n  t h e  f o l l o w i n g  way: I f  a , b  a r e  i n  G
we d e f i n e  a = b(mod E^) i f  t h e r e  i s  an  h  i n  H s u c h  t h a t  a = 
b h .  I t  i s  e a s i l y  shown t h a t  s i n c e  H i s  a s u b g r o u p ,  c o n g ru e n c e  
mod i s  an e q u i v a l e n c e  r e l a t i o n .  T h is  e q u i v a l e n c e  r e l a t i o n  
decom poses  G i n t o  e q u i v a l e n c e  c l a s s e s ,  where  t h e  c l a s s  o f  a l l  
e l e m e n t s  c o n g r u e n t  t o  a c a n  be  w r i t t e n  i n  t h e  f o r m  aH, These  
e q u i v a l e n c e  c l a s s e s  mod a r e  c a l l e d  t h e  r i g h t  c o s e t s  o f  E. 
S i m i l a r l y ,  t h e  l e f t  c o s e t s  o f  E a r e  t h e  e q u i v a l e n c e  c l a s s e s  
o f  t h e  fo rm  Ea.
F o r  a g i v e n  s u b g ro u p  H o f  G, t h e r e  i s  a o n e -o n e  m apping  
o f  t h e  c o l l e c t i o n  o f  r i g h t  c o s e t s  o n t o  t h e  c o l l e c t i o n  o f  l e f t  
c o s e t s .  Hence ,  t h e  c o l l e c t i o n  o f  r i g h t  c o s e t s  and t h e  c o l l e c ­
t i o n  o f  l e f t  c o s e t s  h a v e  t h e  same c a r d i n a l  number;  t h i s  number 
i s  c a l l e d  t h e  i n d e x  o f  H i n  G. I f  e a c h  o f  t h e  r i g h t  c o s e t s  
o f  a su b g ro u p  E i s  a l s o  a l e f t  c o s e t ,  t h a t  i s  i f  H commutes 
a s  a s e t  w i t h  e a c h  e l e m e n t  o f  G, t h e n  E i s  c a l l e d  a n o rm al  
s u b g ro u p  o f  G.
The a u to m o rp h ism s  x  a~’x a  g e n e r a t e d  by t h e  e l e m e n t s  a 
o f  t h e  g ro u p  G a r e  c a l l e d  i n n e r  a u t o m o r p h i s m s . Suppose  E i s  
a s u b g ro u p  o f  G and  a^Ea C E f o r  a l l  a i n  G. Then,  E = 
aa-'Haa'^ C aHa“S t h a t  i s ,  a'^Ha C  E C  a E a 'k  T h is  h o l d s  f o r  a l l  
a  i n  G and i n  p a r t i c u l a r  f o r  a"^; t h u s ,  ( a ' ^ E a ' ^ C  H C a"^H(a'^)"^
3
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so aHa"  ̂ C  H C  a'^Ha. T h i s  I m p l i e s  t h a t  a"’ Ha =  H, and h e n c e  
Hà = aH; t h a t  I s ,  H i s  n o r m a l .  C o n v e r s e l y ,  i f  H i s  n o r m a l ,  
t h e n  Ha = aH i m p l i e s  a^Ha ' H, and  so H i s  i n v a r i a n t  u n d e r  
a l l  t h e  i n n e r  a u to m o rp h is m s  o f  G.
I f  H i s  a n o r m a l  s u b g r o u p ,  t h e n
1 . 1  (xH)(yH) = x(Hy)H = x(yH)H = xyH,
and  h e n c e ,  t h e  s e t  o f  c o s e t s  o f  H i s  c l o s e d  r e l a t i v e  t o  s e t  
m u l t i p l i c a t i o n .  I t  i s  r e a d i l y  shown t h a t  t h e  c o l l e c t i o n  o f  
c o s e t s  w i t h  t h i s  c o m p o s i t i o n  i s  a g roup  w i t h  i d e n t i t y  H.
T h i s  g roup  i s  c a l l e d  t h e  f a c t o r  g ro u p  G/H o f  G r e l a t i v e  t o  
t h e  n o rm a l  s u b g ro u p  H. C l e a r l y  t h e  o r d e r  o f  G/H i s  t h e  i n d e x  
o f  H i n  G. A l s o ,  t h e  m app ing  o f  a n  e l e m e n t  x  o f  G o n to  i t s  
c o s e t  xH i s  a  homomorphism o f  G o n t o  G/H. T h u s ,  any f a c t o r  
g roup  o f  G i s  a homomorphic  image o f  G.
Among t h e  e l e m e n t a r y  p r o p e r t i e s  o f  homomorphlsms i s  t h e  
f a c t  t h a t  t h e  image Grj o f  a  homomorphism ^  o f  a g rou p  G i n t o  
a g roup  G i s  a s u b g ro u p  o f  G, and  i f  K i s  t h e  s u b s e t  o f  G 
c o n s i s t i n g  o f  t h o s e  e l e m e n t s  k  f o r  w h ic h  = T w here  T i s  
t h e  i d e n t i t y  o f  G, t h e n  K i s  a  n o rm a l  s u b g ro u p  o f  G* T h is  
s u b g ro u p  K i s  c a l l e d  t h e  k e r n e l  o f  t h e  homomorphism nq.
T h u s ,  we h a v e  s e e n  t h r e e  ways o f  c h a r a c t e r i z i n g  a n o rm a l  
s u b g ro u p  o f  a  g r o u p :  a n o r m a l  su b g ro u p  commutes as a s e t
w i t h  t h e  e l e m e n t s  o f  t h e  g r o u p ,  i t  i s  i n v a r i a n t  u n d e r  a l l  
i n n e r  a u to m o rp h ism s  o f  t h e  g r o u p ,  and f i n a l l y ,  i t  i s  t h e  
k e r n e l  o f  a  homomorphism o f  t h e  g r o u p .  Me w i l l  p r e s e n t  a 
g e n e r a l i z a t i o n  o f  t h e s e  m eth od s  o f  c h a r a c t e r i z i n g  a n o rm a l
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su b g ro u p  i n  a  l a t e r  s e c t i o n .
S e c t i o n  2 . Groups w i t h  O p e r a t o r s . A g ro up  w i t h  
o p e r a t o r s  i s  a s y s t e m  c o n s i s t i n g  o f  a  g ro u p  G and  a s e t  o f  
" o p e r a t o r s "  M s u c h  t h a t  a  p r o d u c t  am i s  d e f i n e d  f o r  e v e r y  a 
i n  G and m i n  M so  t h a t  am i s  i n  G and
1.2 (ab)m = (am)(bm)
f o r  a l l  a , b  i n  G, m i n  M. F o r  a  f i x e d  m, t h e  mapping  x  xm 
d e n o t e d  by m i s  an  endom orphism  o f  G. T h us ,  e v e r y  e l e m e n t  m 
i n  M d e t e r m i n e s  an  endom orph ism  m and  we have  a mapping  
ra m o f  M i n t o  t h e  s e t  o f  endom orphism s o f  G. T h is  s u g g e s t s  
an a l t e r n a t e  d e f i n i t i o n :  A g rou p  w i t h  o p e r a t o r s  i s  a s y s te m
c o n s i s t i n g  o f  a  g ro u p  G, a  s e t  M and  a m app ing  m — nï o f  M 
i n t o  t h e  s e t  o f  endomorphism s o f  G. I n  t h i s  l a s t  s y s t e m ,  i f  
we d e f i n e  am = am, t h e n  (ab)m = (am)(bra) and we o b t a i n  a 
g ro u p  w i t h  o p e r a t o r s  i n  t h e  o r i g i n a l  s e n s e .  T h u s ,  t h e  two 
d e f i n i t i o n s  a r e  e q u i v a l e n t .  ¥ e  s h a l l  s a y  G i s  an  M-group 
when r e f e r r i n g  t o  a g ro u p  w i t h  o p e r a t o r s .
A su b g ro u p  H i s  s a i d  t o  be  an  M-subgroup  i f  hm i s  i n  H 
f o r  a l l  h  i n  H and  m i n  M. I f  t h e  M -subgroup H i s  a l s o  n o r ­
mal  i n  G, t h e n  H i s  c a l l e d  a n o rm a l  M -s u b g ro u p . When H i s  a 
n o rm a l  M-subgroup and we d e f i n e  (aH)m = ( am)H f o r  a l l  a i n  G 
and  m i n  M, t h e  p r o d u c t  t h u s  d e f i n e d  i s  s i n g l e  v a l u e d  on G/H. 
F o r  i f  a^H = a^H, t h e n  t h e r e  i s  an h  i n  H s u c h  t h a t  a^  = agh;  
h e n c e ,  a^m = (agh)m = ( a ^ m ) (h m ) , and hm i n  H i m p l i e s  (a^m)H = 
( agm)H p r o v i n g  t h e  a s s e r t i o n .  A l s o ,  i f  a , b  a r e  i n  G, t h e n  
[ (aH )(bH )]m  = [(ab)H]m = [(ab)ra]H = [(am) (bm)] H =
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[(am)Hj [(bra)H] = [ ( aH )m ]r (b H )m ] ,  so  G/H i s  an  M -group .  The 
M-group t h u s  d e f i n e d  s h a l l  b e  r e f e r r e d  t o  as t h e  M - f a c t o r  
g ro u p  G/H. A m app ing  77 o f  t h e  M-group G i n t o  t h e  M-group G 
i s  c a l l e d  a n  M-homomorphism i f  i s  a  g ro u p  homomorphism and 
(am)7̂  = f o r  a l l  a  i n  G, m i n  M.
The t h e o r y  o f  g r o u p s  w i t h  o p e r a t o r s  h a s  a p p l i c a t i o n s  t o  
t h e  t h e o r y  o f  r i n g s .  -G iv e n  a r i n g ,  c o n s i d e r e d  as  a g ro up  G 
u n d e r  a d d i t i o n ,  l e t  t h e  s e t  M c o n s i s t  o f  t h e  e l e m e n t s  o f  t h e  
r i n g .  Then t h e  p r o d u c t  am, a i n  G, m i n  M, i s  s im p ly  t h e  
r i n g  p r o d u c t .  S i n c e  t h e  o p e r a t i o n  i n  G i s  t a k e n  t o  be t h e  
r i n g  a d d i t i o n ,  t h e  c o n d i t i o n  1 . 2  t h a t  G be  an  M-group i s  t h e  
d i s t r i b u t i v e  law  (a+b)m = am+bm. I n  t h i s  c a s e ,  a  no rm a l  
M -subgroup  i s  a r i g h t  i d e a l  i n  t h e  r i n g .  A g a i n ,  we c o u l d  map 
t h e  e l e m e n t s  o f  M o n to  l e f t  m u l t i p l i c a t i o n s  by  e l e m e n t s  o f  
t h e  r i n g  and by  v i r t u e  o f  t h e  d i s t r i b u t i v e  law  m(a+b) = 
ma+mb, any r i n g  c o u l d  a g a i n  be  t h o u g h t  o f  a s  a g rou p  w i t h  
o p e r a t o r s .  I n  t h i s  l a t t e r  c a s e ,  t h e  n o rm a l  M -subgroups  w o u ld  
b e  t h e  l e f t  i d e a l s .  F i n a l l y ,  we may t a k e  M t o  b e  t h e  e l e ­
m en ts  o f  t h e  r i n g ,  w r i t t e n  t w i c e ,  and  combine  t h e  above  two 
m a p p in g s .  The n o r m a l  M -subgroups  a r e  t h e  t w o - s i d e d  i d e a l s .
A n o t h e r  i n s t a n c e  w he re  t h e  i d e a  o f  a g ro u p  w i t h  o p e r a t o r s  
a p p e a r s  i s  i n  t h e  t h e o r y  o f  m o d u le s :  A l e f t  m odule  i s  a  com­
m u t a t i v e  g ro u p  G (where  t h e  g ro up  o p e r a t i o n  i s  a d d i t i o n ) , 
w i t h  an  o p e r a t o r  s e t  A w h ic h  i s  a r i n g  i n  t h e  s e n s e  t h a t  
b e s i d e s  t h e  b a s i c  o p e r a t o r  c o n d i t i o n  m(x+y) = rtix+nx f o r  a l l  
m i n  A and x , y  i n  G, we a l s o  h av e  (m+n)x = mx+nx and (mn)x =
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
m(riK) , A r i g h t  m odule  i s  d e f i n e d  i n  a s i m i l a r  f a s h i o n  as  a 
s y s t e m  c o n s i s t i n g  o f  a c o m m u ta t iv e  g ro u p  G w i t h  an  o p e r a t o r  
s e t  À, w here  we h a v e  (x+y)m = xm+yra, x(ra+n) = xm+xn, and 
x(mn) = (xm)n f o r  a l l  x , y  i n  G and m ,n  i n  A.
S e c t i o n  3 » L o o p s . A q u a s i g r o u p  i s  a  s e t  G w i t h  t h e  
f o l l o w i n g  p r o p e r t i e s ;  To e v e r y  o r d e r e d  p a i r  x , y  o f  e l e m e n t s  
o f  G t h e r e  c o r r e s p o n d s  a u n i q u e  e l e m e n t  xy o f  G, c a l l e d  t h e i r  
p r o d u c t j ,  and  when any  two o f  t h e  sym bols  x , y , z  i n  t h e  e q u a ­
t i o n  xy  = z a r e  a s s i g n e d  a s  e l e m e n t s  o f  G, t h e  t h i r d  i s  a 
u n i q u e l y  d e t e r m i n e d  e l e m e n t  o f  G. A l o o p  i s  a q u a s i g r o u p  
w i t h  a t w o - s i d e d  i d e n t i t y .
F o r  e x am p le ,  l e t  G c o n s i s t  o f  t h e  f i v e  e l e m e n t s  a , b , c , d , e  
and  l e t  a p r o d u c t  be  d e f i n e d  by  t h e  f o l l o w i n g  t a b l e ;
1 . 3 a d
a
b
c
d
e
b
a
e
c
d
c
d
a
e
b
d
e
b
a
c
e
c
d
b
a
S i n c e  e a c h  e le m e n t  o c c u r s  e x a c t l y  once  i n  e a c h  row and 
co lum n,  t h e  s e t  G w i t h  t h e  p r o d u c t  t h u s  d e f i n e d  i s  a q u a s i ­
g r o u p .  F u r t h e r ,  t h e  e l e m e n t  a p l a y s  t h e  r o l e  o f  a  t w o - s i d e d  
i d e n t i t y ,  so  t h a t  t h e  s y s t e m  i s  a  l o o p .
A mapping  7̂ o f  a  lo o p  G o n t o  a  lo o p  K i s  s a i d  t o  be  a 
homomorphism o f  G o n to  K i f  ( x j ) r f  = (xt^) {jrf} , A s u b lo o p  H 
o f  a l o o p  G w i l l  be  c a l l e d  a n o r m a l  s u b l o o p  i f  H i s  t h e
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k e r n e l  o f  a  homomorphism o f  G o n to  a  l o o p ,  where  t h e  k e r n e l  
o f  a homomorphism i s  u n d e r s t o o d  t o  be  t h e  s e t  c o n s i s t i n g
o f  t h o s e  e l e m e n t s  x  o f  G f o r  w h ic h  xTj  = 1?^, w here  1 i s  t h e
i d e n t i t y  o f  G.
The f o l l o w i n g  Lemma w i l l  e n a b l e  us  t o  g e n e r a l i z e  t h e  
m eth o ds  m e n t i o n e d  i n  S e c t i o n  1 o f  c h a r a c t e r i z i n g  n o rm al  s u b ­
g r o u p s .
Lemma 1 . 1  A s u b lo o p  H o f  a l o o p  G i s  a n o rm a l  su b lo o p  
o f  G i f  and o n l y  i f  when x , y  a r e  a r b i t r a r y  b u t  f i x e d  e l e m e n t s  
o f  G, and w h e n e v e r  two o f  h ^ ,  h g ,  h^  a r e  a s s i g n e d  as e l e m e n t s  
o f  H i n  t h e  e q u a t i o n
l . k  h ^ X 'h g y  = h ^ ' x y ,
t h e  t h i r d  i s  a u n i q u e l y  d e t e r m i n e d  e l e m e n t  o f  H.
P r o o f .  Suppose  a su b lo o p  H s a t i s f i e s  t h e  c o n d i t i o n  o f  
t h e  Lemma, and  l e t  Ex d e n o t e  t h e  s e t  o f  a l l  e l e m e n t s  hx w i t h
h  i n  H. When x = 1 ( t h e  i d e n t i t y  o f  G) i n  e q u a t i o n  l . i j . ,  we
h a v e  h ^ ' h ^ y  = h . ' y .  Wow, h ^ y  i s  an  a r b i t r a r y  e l e m e n t  o f  t h e  
c o s e t  Hy, and  so  t h e  c o n d i t i o n  o f  t h e  Lemma i m p l i e s  t h a t  t h i s  
e l e m e n t  d e t e r m i n e s  t h e  same c o s e t  Hy. M o re o v e r ,  t h e  c o n d i ­
t i o n  o f  t h e  Lemma i m p l i e s  t h a t  f o r  any e le m e n t s  x , y  o f  G,
1. ^  Ex.By = H 'x y .
Now, i f  x , z  a r e  g i v e n ,  and  i f  y  i s  t h e  u n i q u e  s o l u t i o n  
i n  G o f  t h e  e q u a t i o n  xy  = z ,  t h e n  su p p o s e  u  i s  an  e l e m e n t  of  
G, and  t h a t  Hx*u = Hz. T h is  means t h a t  f o r  e v e r y  f i x e d  h^ 
i n  H t h e r e  i s  an  h^ i n  H f o r  w h ic h  h ^ x * u  = h^z  = h ^ * x y .  Now, 
w i t h  h ^ , h ^  as  f i x e d  e l e m e n t s  o f  G, t h e r e  i s  d e t e r m i n e d  a
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u n i q u e  h ^ i n  H s u c h  t h a t  h ^ x * u  = h ^«xy  = h ^ x - h ^ y .  Hence h^y  = 
u  and  u  i s  I n  Hy. C o n v e r s e l y ,  i f  u  i s  i n  Hy, t h a t  i s ,  u  = 
h  y ,  t h e n  t h e  c o n d i t i o n  o f  t h e  Lerama i m p l i e s  Hx*u = H*xy = Hz. 
T h u s ,  we hav e  shown t h a t  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  
t h a t  Hx'U = Hz f o r  an  e l e m e n t  u  o f  G i s  t h a t  u  be  i n  Hy.
I n  a s i m i l a r  m a n n e r ,  i f  x  i s  d e t e r m i n e d  by  t h e  f i x e d  
e l e m e n t s  y , z  i n  t h e  e q u a t i o n  xy  = z ,  we may show t h a t  a 
n e c e s s a r y  a r e  s u f f i c i e n t  c o n d i t i o n  f o r  v*Hy = Hz w i t h  v i n  G, 
i s  t h a t  V be  i n  Hx. Hence t h e  s e t  G/H c o n s i s t i n g  o f  a l l  d i s ­
t i n c t  c o s e t s  Hx i s  a q u a s i g r o u p  and  1 . ^  shows t h a t  G/H i s  a 
l o o p  w i t h  i d e n t i t y  H. A l s o ,  1 . ^  i m p l i e s  t h a t  t h e  mapping  -q 
d e f i n e d  by  xtj» = Hx i s  a homomorphism o f  G o n t o  G/H and we s e e
t h a t  x-?  ̂ = 1/) = H i f  and o n l y  i f  Hx = H, o r  x  i s  i n  H. T h us ,
H i s  a n o rm a l  s u b lo o p  o f  G,
C o n v e r s e l y ,  l e t  H be  a n o rm a l  s u b lo o p  o f  G, t h a t  i s ,  t h e  
k e r n e l  o f  a homomorphism q  o f  G. T hen ,  t h e  c o s e t  Hx c o n s i s t s  
o f  e x a c t l y  t h o s e  e l e m e n t s  y  f o r  w h i c h  x?ji -  j q i  F o r  i f  we 
assume xv) = y?p, l e t  u  be  t h e  u n i q u e  s o l u t i o n  o f  ux = y j  t h e n  
u?j>*x?7 = y ^  = x ?7 = I 'X ^ q  and h e n c e  u  i s  i n  H and  y i s  i n  Hx,
On t h e  o t h e r  h a n d ,  i f  u  i s  i n  H, t h e n  y?y = (ux)?^ = x)^.
How, i f  f o r  exam ple  we l e t  h ^ , h g  be  i n  H, and h^ i s  
u n i q u e l y  d e t e r m i n e d  i n  G by  h ^ X 'h ^ y  = h ^ - x y ,  t h e n  (h^«xy)?j? = 
(h^X 'h^y)/) = [(h^?7) (xTj))] [(h^ÿ) (yip)] = (xr?) (y%) = (xy)?Y 
i m p l i e s  h^*xy  i s  i n  H*xy. H ence ,  we m u s t  h a v e  h ^ ' x y  = h - x y
f o r  some h  i n  H, and  so h^ = h  i s  i n  H. By s i m i l a r  r e a s o n i n g ,
we a r r i v e  a t  t h e  c o n d i t i o n  o f  t h e  Lemma when we c o n s i d e r  t h e
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r e m a i n i n g  two c a s e s ,  n a m e ly ,  h ^ , h ^  i n  H i i r ^ l i e s  h ^ i s  u n i q u e l y  
d e t e r m i n e d  i n  H, and i n  H i m p l i e s  h ^ i s  u n i q u e l y  d e t e r ­
m in e d  H. Q .E .D .
A s e t  G i s  d e f i n e d  t o  b e  a g r o u p o l d  r e l a t i v e  to  an  o p e r a ­
t i o n  ( • )  i f  and  o n l y  i f  f o r  e v e r y  o r d e r e d  p a i d  a , b  o f  e l e m e n t s  
i n  G t h e r e  c o r r e s p o n d s  a  u n i q u e l y  d e f i n e d  e l e m e n t  a*b o f  G. 
When we c o n s i d e r  t h e  s e t  G as  a g r o u p o l d  u n d e r  t h e  p a r t i c u l a r  
o p e r a t i o n  ( • ) ?  we w i l l  s p e a k  o f  " t h e  g r o u p o l d  G( ») " .  I f  f  
i s  any f i x e d  e l e m e n t  o f  a g r o u p o i d  G( * ) j  we d e f i n e  two map­
p i n g s  L ( f , ♦ ) , R ( f , • )  o f  G ( 0  i n t o  i t s e l f  by  a L ( f , * )  = f » a  
and  a R ( f , * )  = a * f ,  w he re  a i s  any e l e m e n t  o f  G. We n o t e  t h a t  
when G(*) i s  a q u a s i g r o u p ,  t h e  m ap p ing s  L ( f , » )  and  R ( f , » )  a r e  
o n e -o n e  o f  G(»)  o n t o  i t s e l f ,  and h e n c e  a r e  p e r m u t a t i o n s  o f  
G ( * ) .  I n  t h i s  c a s e ,  we a g r e e  t h a t  a R ( f , * ) ^  = b i f  and  o n ly  
i f  a = b * f  and s i m i l a r l y ,  f o r  L( f , * ) *^ .  Fo r  t h e  moment,  we 
w i l l  be  c o n c e r n e d  w i t h  o n l y  one o p e r a t i o n ,  and w i l l  a b b r e ­
v i a t e  t h e  n o t a t i o n  s l i g h t l y ;  l e t  d e n o t e  L ( f , * )  and R 
d e n o t e  R ( f , * ) .
Row, i n  1 .1 | ,  when h^  = 1 we h a v e  h ^x*y  = h ^ *xy  o r  e q u i v ­
a l e n t l y ,  h^R^R^ = h ^ R ^ ,  so  h^R^R^R^y = h ^ .  When h^  = 1 ,  we
h a v e  x » h  y  = h  *xy o r  h  R L R"'  ̂ = h _ . F i n a l l y ,  we w i l l  l e tj  id y  X xy j5
t h e  p e r m u t a t i o n  g ro u p  g e n e r a t e d  by  t h e  p e r m u t a t i o n s  R , R"\X X
L ^,  L'^ f o r  a l l  x  i n  G. L e t  be  t h e  s u b g ro u p  o f  g e n e r a t e d
by  t h e  s e t  o f  a l l  p e r m u t a t i o n s  R ,M w i t h  x , y  i n  G. S?x , y  x , y
w i l l  b e  c a l l e d  t h e  i n n e r  m app ing  g ro u p  o f  G. Lemma 1 . 1  now
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i m p l i e s  t h e  f o l l o w i n g ;
Lemma 1 . 2  I f  H i s  a n o rm a l  s u b lo o p  o f  t h e  lo o p  G-, 
t h e n  H i s  mapped i n t o  i t s e l f  by  e a c h  e le m e n t  o f
We now show t h a t  t h e  c o n v e r s e  o f  Lerama 1 . 2  h o l d s ,  and 
t h e r e b y  o b t a i n  m ethods  f o r  c h a r a c t e r i z i n g  n o rm a l  s u b l o o p s .
We f i r s t  show t h e  f o l l o w i n g :
Lemma 1 . 3  I f  a s u b l o o p  H o f  a l o o p  G i s  mapped i n t o
i t s e l f  by e a c h  e l e m e n t  o f  t h e  i n n e r  m apping  g ro u p  9  o f  G,
t h e n  H s a t i s f i e s  t h e  f o l l o w i n g  c o n d i t i o n s ;  ( i )  Hjc = xK,
( i i )  H*xy = Hx»y,  ( i l l )  xH*y = x*Hy, ( i v )  xy«H = x*yH, f o r  
a l l  x , y  i n  G.
P r o o f .  The h y p o t h e s i s  i m p l i e s  t h a t  f o r  e a c h  e le m e n t  I
o f  g-, t h e  m app in g  h  h i  t a k e s  e l e m e n t s  h  o f  H i n t o  e l e m e n t s
h i  o f  H. Now, s i n c e  9  i s  a s u b g r o u p ,  e a c h  e l e m e n t  I  o f  9
h a s  a l e f t  i n v e r s e  1 “̂  i n  9 .  T h i s  i m p l i e s  t h e  m apping  h  h i
i s  o n t o ,  t h a t  i s ,  e v e r y  e l e m e n t  o f  9  maps H o n to  i t s e l f .  I n
p a r t i c u l a r ,  we w i l l  h a v e  HR R R~‘ = H and HR L R“̂  = H, o r^ z w zw w z zw
e q u i v a l e n t l y ,
1 . 6  Hz'W = H'zw
and
1.7 z •Hw = H• zw
f o r  a l l  z ,w i n  G.
Now, c o n d i t i o n  ( i )  f o l l o w s  when we l e t  w = 1 and z = x ,  
i n  1 , 7 .  C o n d i t i o n  ( i i )  I s  s i n g l y  t h e  s t a t e m e n t  o f  1 , 6  when 
z = X and w = y .  To show c o n d i t i o n  ( i i i ) , we f i r s t  a p p l y  ( i )  
and  ( i i )  t o  o b t a i n  xH*y = Hx*y = H*xy. U s in g  1 , 7  w i t h  z = x
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and  w = y ,  we h a v e  xH*y = H*xy = x*Hy, g i v i n g  { i l l ) .  F i n a l l y ,  
t o  show ( i v ) , we h a v e  xy*H = H*xy -  x-Hy by a p p l y i n g  ( i )  and
1 . 7  w i t h  z = X and  w = y  r e s p e c t i v e l y .  Then,  by u s e  o f  ( i )  
a g a i n ,  x y H  = x*Hy = x*yH. Q .E .D .
Lemma l . l j  I f  H i s  a s u b l o o p  o f  t h e  lo o p  G, and i f  H 
s a t i s f i e s  c o n d i t i o n s  ( i ) ,  ( i i ) , ( i i i ) ,  ( i v )  o f  Lemma 1 . 3 ,  
t h e n  H s a t i s f i e s  t h e  c o n d i t i o n  o f  Lerama 1 . 1 ,  and h e n c e ,  i s  
n o r m a l .
P r o o f .  F o r  e x a m p le ,  i f  h ^ , h g  b e l o n g  t o  H and  z ,w a r e  
f i x e d  e l e m e n t s  o f  G, and  i f  k  i s  u n i q u e l y  d e f i n e d  i n  G by
1.8 h^z 'hgW  = k ' z w ,
t h e n  i t  i s  r e q u i r e d  t o  show t h a t  k  i s  i n  H. Now, c o n d i t i o n  
( i i i )  w i t h  X = h ^z  and  y  = w i m p l i e s
1.9 h^Z'hgW = (h ^z* h ^ )w ,
w h ere  h ^ i s  i n  H. By f i r s t  a p p l y i n g  ( i v )  w i t h  x  = h ,  y  = z ,  
and  t h e n  ( i )  w i t h  x = z ,  we h a v e  h ^ z* h ^  = h ^ - z h ^  = h^»h^z  
w here  hj^,h^ a r e  e l e m e n t s  o f  H, U s in g  c o n d i t i o n  ( i i i )  a g a i n ,  
w i t h  X = h ^ ,  y  = z ,  we h a v e  h ^ z» h ^  = h ^ - h ^ z  = h^h ^*z  = h^*z  
w here  h ^ , h ^  a r e  i n  H. E q u a t i o n  1 , 9  now becomes h^z-h^w  = 
( h ^ ' z ) w  = hg*zw, by  u s e  o f  ( i i )  w i t h  x = z ,  y  = w- But  1 . 8  
now i m p l i e s  k*zw = hg«zw, and  so  k = hg i s  i n  H,
The two r e m a i n i n g  c a s e s  t o  be  shown f o l l o w  by  a rg u m e n ts  
s i m i l a r  t o  t h e  one a b o v e .  Q .E .D .
¥ e  may now s t a t e  t h e  f o l l o w i n g  i m p o r t a n t  r e s u l t s :
Theorem 1 , 1  A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  t h a t  
a s u b l o o p  H o f  a lo o p  G be  n o rm a l  i n  G i s  t h a t  H be  mapped
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i n t o  i t s e l f  by  t h e  i n n e r  m app ing  g ro u p  9  o f  G-.
P r o o f .  N e c e s s i t y  i s  s t a t e d  i n  Lemma 1 . 2 .  S u f f i c i e n c y  
f o l l o w s  by a p p l i c a t i o n  o f  Lemma 1 , 3  and  1,L(..
Theorem 1 , 2  A n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  t h a t  
a  s u b lo o p  H o f  a l o o p  & be  n o rm a l  i n  G i s  t h a t  H s a t i s f y  t h e  
c o n d i t i o n s  ( i ) ,  ( i i ) ,  ( i i i ) ,  ( i v )  o f  Lemma 1.3*
P r o o f ,  N e c e s s i t y  f o l l o w s  f ro m  Lemmas 1 , 2  and  1 , 3 .  
S u f f i c i e n c y  f o l l o w s  f r o m  Lemma 1 ,1 | .
T h u s ,  t h e r e  a r e  a number o f  e q u i v a l e n t  ways o f  d e s c r i b i n g  
n o rm a l  s u b l o o p s .  We h a v e  t a k e n  a s  t h e  d e f i n i t i o n  o f  n o rm al  
s u b lo o p  a  g e n e r a l i z a t i o n  o f  one o f  t h e  ways o f  c h a r a c t e r i z i n g  
n o rm al  s u b g r o u p s  and h a v e  f o u n d  lo o p  a n a l o g u e s  f o r  t h e  o t h e r  
tw o .  I n  p a r t i c u l a r ,  s i n c e  i n  t h e  p r e s e n c e  o f  t h e  a s s o c i a t i v e  
law  t h e  i n n e r  m app ing  g ro u p  r e d u c e s  t o  t h e  i n n e r  a u to m o rp h ism  
g r o u p .  Theorem 1 , 1  g i v e s  a g e n e r a l i z a t i o n  o f  t h e  r e q u i r e m e n t  
t h a t  a n o rm a l  s u b g ro u p  b e  i n v a r i a n t  u n d e r  a l l  i n n e r  a u to m o r ­
p h i s m s ,  A l s o ,  Theorem 1 , 2  g i v e s  c o n d i t i o n s  r e p l a c i n g  t h e  
s t i p u l a t i o n  t h a t  a n o rm a l  su b g ro u p  commute as  a s e t  w i t h  t h e  
e l e m e n t s  o f  t h e  g r o u p .
S e c t i o n  L . Loops w i t h  O p e r a t o r s  and  F u n d a m e n ta l  T heorem . 
I n  t h e  p r o o f  o f  Lemma 1 , 1 ,  i t  was shown t h a t  when H i s  a n o r ­
m al  s u b lo o p  o f  G, t h e  s e t  G/H c o n s i s t i n g  o f  a l l  d i s t i n c t  
c o s e t s  Hx i s  a  l o o p  w i t h  i d e n t i t y  H, T h is  lo o p  w i l l  be  c a l l e d  
t h e  f a c t o r  l o o p  G/H. A n a lo g o u s  t o  t h e  way a g ro u p  w i t h  o p e r a ­
t o r s  was d e f i n e d ,  a  l o o p  w i t h  o p e r a t o r s  i s  a s y s t e m  c o n s i s t i n g  
o f  a l o o p  G, and a s e t  M o f  o p e r a t o r s  (w h ich  may be  endom or-
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p h i s m s  o f  G) s u c h  t h a t  f o r  e v e r y  a I n  G and  m I n  M, a p r o d u c t  
am i s  d e f i n e d  i n  G and ( ab) m = (am) (bra) f o r  a l l  a , b  i n  G and 
m i n  M. ¥ e  s h a l l  d e n o t e  t h e  o p e r a t o r  l o o p  c o n s i s t i n g  o f  l o o p  
G and s e t  M by  (G,M) and G w i l l  be c a l l e d  a n  M -loop .  The 
c o n c e p t s  o f  M - iso m o rp h ism ,  M-homomorphisra, M -s u b lo o p ,  no rm al  
M -sub loop  and M - f a c t o r  l o o p  a r e  c o m p l e t e l y  a n a l o g o u s  t o  t h e  
c o r r e s p o n d i n g  g ro u p  c o n c e p t s  p r e s e n t e d  i n  S e c t i o n  2 and  may 
be  d e f i n e d  by s u b s t i t u t i n g  t h e  word  " l o o p "  f o r  t h e  word  
" g r o u p "  i n  t h e  a p p r o p r i a t e  d e f i n i t i o n s  i n  t h a t  s e c t i o n .
The f o l l o w i n g  u s e f u l  t h e o r e m  c o m p l e t e l y  d e s c r i b e s  t h e  
s t r u c t u r e  o f  M-homomorphic im ages  o f  M - lo o p s .
Theorem 1 . 3  F u n d a m e n ta l  Theorem o f  Homomorphlsms f o r  
Loops w i t h  O p e r a t o r s .  I f  H i s  a n o rm a l  M -sub loop  o f  t h e  
o p e r a t o r  lo o p  (G, M) , t h e  m app ing  a Ha i s  an M-homoraorphism 
o f  G o n to  t h e  M - f a c t o r  l o o p  G/H w i t h  k e r n e l  H. I f  H i s  t h e  
k e r n e l  o f  an  M-homomorphism ?J) o f  (G,M) o n to  a n  M-loop G*̂ , 
t h e  m apping  Ha aiy i s  a n  M -iso m orp h ism  o f  G/H o n to  G' .
P r o o f .  I n  t h e  p r o o f  o f  Lemma 1 . 1 ,  i t  was shown t h a t  
t h e  m app ing  iq d e f i n e d  by  a?p = Ha i s  a  homomorphism o f  G o n to  
G/H w i t h  k e r n e l  H. A l s o ,  s i n c e  a(?pm) = (Ha)m = H(am) = a(mîp) 
f o r  a l l  a  i n  G, m i n  M, 77 i s  an  M-homomorphism.
L e t  6  d e n o t e  t h e  c o r r e s p o n d e n c e  Ha -v a?^. R e c a l l i n g  t h a t  
t h e  p r o o f  o f  Lemma 1 , 1  showed t h a t  t h e  c o s e t  Hx c o n s i s t s  o f  
a l l  z i n  G f o r  w h ic h  Z7J> = x/^, assume Hx = Hy. S i n c e  x  b e l o n g s  
t o  Hx, X i s  i n  Hy and so  xt^ = y)p, i m p l y i n g  t h a t  d  i s  s i n g l e  
v a l u e d .  To show t h a t  t h e  mapping 6* i s  an  i so m o rp h is m  o f  G/H
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o n t o  G we f i r s t  show t h a t  i t  i s  o n e - o n e ;  L e t  Ha -*• a?y and 
H â a?p w here  aïp = â?^. Now, s i n c e  Ha i s  t h e  c o s e t  c o n t a i n i n g  
a ,  t h e n  arj) = ar^ i m p l i e s  W i s  i n  Ha, H ence ,  Ha = Ha. A l s o ,
Q i s  o n t o ,  s i n c e  i f  y  i n  G'' i s  g i v e n ,  t h e r e  i s  an  x i n  G f o r  
w h ic h  = y ,  and t h e  a s s e r t i o n  f o l l o w s  s i n c e  t h e  c o s e t s  Hx 
a r e  d e f i n e d  f o r  a l l  x  i n  G. M o re o v e r ,  (Ha) (Hb) = H(ah)
( a b )?7 = (a?j?) (h?^) i m p l i e s  t h a t  6  i s  an  i s o m o r p h i s m  o f  G/H 
o n t o  G' .
F i n a l l y ,  Ô i s  an  M - isom o rp h ism  o f  G/H o n t o  G'  ̂ ; f o r  7̂  i s  
an  M-homomorphism o f  (G,M) o n to  (G'’ ,M) , and so  (Ha) (0m) = 
(a?ji)m = (am);y = [H (am )]0  = (Ha) (m0) . H en ce ,  (Ha) (0m) =
(Ea) (mO) f o r  a l l  a i n  G, m i n  M. Q .E .D .
F o r  e x a m p le ,  c o n s i d e r  t h e  lo o p  G c o n s i s t i n g  o f  t h e  e l e ­
m en ts  1, . . . ,10 and  t h e  o p e r a t i o n  ( • )  d e f i n e d  by  t h e  f o l l o w i n g  
t a b l e  ;
1.10 . 1 2 3 k 5 6 7 8 9 10
1 1 2 3 k 5 6 7 8 9 10
2 2 1 4 3 6 5 8 7 10 9
3 3 k 1 2 7 8 9 10 5 6
k 1+ 3 2 1 8 7 10 9 6 5
5 5 6 9 10 1 2 3 4 7 8
6 6 5 10 9 2 1 U 3 8 7
7 7 8 5 6 9 10 1 2 3 k
8 8 7 6 5 10 9 2 1 3
9 9 10 7 8 3 k 5 6 1 2
10 10 9 8 7 U 3 6 5 2 1
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L e t  t h e  o p e r a t o r  s e t  M c o n s i s t  o f  t h e  t h r e e  e l e m e n t s
l e t  t h e r e  h e  a m app ing  o f  t h e  m^ i n t o  t h e  s e t  
o f  endomorphism s o f  G, s u c h  t h a t  t h e  au to m o rp h ism s  cx^, o ^ ,  
a r e  t h e  im ages  o f  m^, mg, r e s p e c t i v e l y ,  where  t h e  a r e  
g i v e n  by  t h e  f o l l o w i n g ;
1.11 o( : 1 -**• 1 0(g: 1 - 1 oy: 1 — 1
2-4-2 2 — 2 2 — 2
3 ^ 3 — 7 3 — 9
I4. -*• 6 4 — 8 4 - 1 0
^ 3 S — 9 5 — 7
6 ^ 6 -*10 6 — 8
7 - ^ 9 7 - 3 7 — 5
6 -*10 8 — 4 8 — 6
9 -* 7 9 - 5 9 - 3
10 ^ 8 1 0 —6 1 0 — 4
Now, we n o t e  t h a t  G h a s  a n  M -sub loop  K o f  o r d e r  f i v e  
c o n s i s t i n g  o f  t h e  e l e m e n t s  1, 3, 7, 9 w h i c h  i s  i s o m o r p h ic
t o  t h e  lo o p  g i v e n  by  t a b l e  1,3 u n d e r  t h e  c o r r e s p o n d e n c e  
1 a 3 - »  b S -» c 7 d 9 - *  e . I n  f a c t ,  K i s  a  n o rm a l  M -sub­
lo o p  and  h e n c e ,  t h e r e  i s  an  M-homomorphism ^ o f  G o n to  a 
l o o p ,  w i t h  k e r n e l  K. F u r t h e r ,  we may d e t e r m i n e  t h e  homomor­
p h i c  image G'  ̂ o f  G u n d e r  a nd  we s e e  t h a t  G'' c o n s i s t s  o f  
two e l e m e n t s  w h ic h  a r e  t h e  c o s e t s  (1, 3, 5 j 7, 9) and (2, ^ , 6, 8, 10) 
r e s p e c t i v e l y .  I t  i s  e a s i l y  s e e n  f ro m  1 . 1 1  t h a t ,  i n  G" ,̂ t h e  
e l e m e n t s  m^ a l l  map i n t o  t h e  t r i v i a l  endomorphism  w h ic h  i s  
t h e  i d e n t i t y  m ap p in g .
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S e c t i o n  D i r e c t  D e c o m p o s i t i o n . We s h a l l  exam ine  
f u r t h e r  t h e  r o l e  o f  n o r m a l i t y  i n  l o o p s  by d e v e l o p i n g  a lo o p  
a n a l o g u e  f o r  t h e  c l a s s i c a l  n o t i o n  o f  d i r e c t  p r o d u c t  o f  no rm a l  
s u b g r o u p s  o f  a  g r o u p .  A l t h o u g h  t h e  r e s u l t s  s t a t e d  h e r e  a r e  
r e s t r i c t e d  t o  d i r e c t  p r o d u c t s  o f  two no rm al  s u b l o o p s ,  m os t  
o f  them  c o u ld  b e  b r o a d e n e d  t o  d i r e c t  p r o d u c t s  o f  a f i n i t e  
number o f  n o rm a l  s u b l o o p s .  However ,  t h i s  w o u ld  r e q u i r e  t h a t  
t h e  th e o re m s  be  somewhat more cumbersome w i t h o u t  c o n t r i b u t i n g  
m a t e r i a l l y  t o  t h e  i l l u s t r a t i o n  o f  a p p l i c a t i o n s  o f  n o r m a l i t y .
We f i r s t  s t a t e  and  p r o v e  t h e  f o l l o w i n g  p r e l i m i n a r y  r e s u l t s :
Theorem l.Ij. I f  i s  a homomorphism o f  a l o o p  G o n to  a 
lo o p  f t h e  f o l l o w i n g  p r o p e r t i e s  h o l d ;
( i )  I f  H i s  a s u b l o o p  (n o rm a l  s u b lo o p )  i n  G, t h e  image 
Epy i s  a s u b l o o p  (n o rm al  s u b lo o p )  i n  Ĝ  .
( i i )  I f  H'' i s  a  s u b lo o p  (n o rm a l  s u b lo o p )  i n  G' , t h e  
i n v e r s e  image i s  a s u b l o o p  (n o rm a l  s u b lo o p )  i n  G.
( i i i )  I f  H i s  a s u b s e t  o f  G and  i f  t h e  k e r n e l  o f  i n
G i s  N, t h e n  (H^);^"^ = HN.
P r o o f ,  To p r o v e  t h e  f i r s t  p r o p e r t y ,  we n o t e  t h a t  s i n c e
i s  a homomorphism o f  G and H i s  a s u b l o o p ,  (Hî^) (H? )̂ =
(HH)?7 = E7ff and so  HTp i s  a  s u b g r o u p o i d  i n  G(, To show E y  i s  
a  s u b l o o p ,  l e t  h" , k ' '  be  a r b i t r a r y  e l e m e n t s  i n  E7f, This i m p l i e s  
t h e r e  a r e  e l e m e n t s  h , k  i n  H f o r  w h i c h  h ^  = h ' ' , kTJ? = k ' ' .  L e t
X be  d e t e r m i n e d  i n  H by  hx  = k; t h e n  x y  i s  i n  Hy and k' '  =
k y  = h y * x y  = la *xy. H en ce ,  x '  = x y  i s  t h e  s o l u t i o n  i n  H y  o f
t h e  e q u a t i o n  h^x^  = k ' .  F u r t h e r ,  s i n c e  y  i s  s i n g l e  v a l u e d
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and  G-'̂  i s  a l o o p ,  x' '  i s  i m i q u e .  S i m i l a r l y ,  t h e  e q u a t i o n  
y ^ h '  = k  ̂ h a s  a u n i q u e  s o l u t i o n  j *  i n  Hy. The image o f  t h e  
i d e n t i t y  o f  H i s  t h e  i d e n t i t y  o f  Hy.
I f ,  i n  a d d i t i o n ,  H i s  n o r m a l ,  Hy i s  shown t o  be n o rm al  
i n  G' by  v e r i f y i n g  t h e  f o u r  p r o p e r t i e s  o f  n o rm a l  s u b l o o p s  
m e n t i o n e d  i n  Theorem 1 , 2 .  F o r  exam ple ;  ay* (H77*by) = 
ay* (Hb)y = (a*Hb)y = (aH*b)y  = (ay*Hy) «by f o r  a l l  a y , b y  i n  G-̂  , 
The o t h e r  p r o p e r t i e s  f o l l o w  b y  s i m i l a r  r e a s o n i n g .
To p r o v e  p r o p e r t y  ( i i ) ,  assume E'' i s  a  s u b l o o p  o f  Q'’ and 
l e t  h , k  be i n  H^y"^. T hen ,  by  d e f i n i t i o n ,  h y  and k y  a r e  i n  H '  
and  so  (hk )y  = h y * k y  i s  i n  e ' , H en ce ,  hk  i s  i n  H^y*' .̂
A g a in ,  i f  h , k  a r e  i n  E^7J~  ̂ and  i f  x  i s  d e t e r m i n e d  i n  G- 
by  hx  = k ,  t h e n  h y * x y  = ( h x ) y  = k y  and  h y , k y  i n  t h e  s u b lo o p  
H^ im p ly  x y  i s  i n  H ' ' . H e n ce ,  x  i s  i n  H'^y^. S i m i l a r l y ,  i f  
y h  = k ,  t h e n  y y  b e l o n g s  t o  E^ a n d  so y  i s  i n  H'^y^.
I f  H^ i s  n o rm a l  i n  G-'', we a g a i n  show t h e  f o u r  p r o p e r t i e s  
o f  Theorem 1 . 2 ,  F o r  e x a m p le ,  t o  show a*H^y“* = H^y‘^*a f o r  a l l  
a i n  G, l e t  a  be  a n  e l e m e n t  o f  G, and  l e t  h  be  i n  H'y"*. 
D e te r m in e  k  i n  G by
1.12 a h  = k a ,
so  t h a t
1 .1 3  a y h y  = ky* ay ,
How, a y » h y  i s  i n  a y H ' ,  and  s i n c e  H'' i s  n o rm a l  i n  G' ' , ay*H'' = 
H ' * a y ,  so  a y ' h ' y  = q * a y  w h e re  q i s  i n  H ' ' , Then ,  1 . 1 3  i m p l i e s  
q = k y  i s  i n  H^ so  k i s  i n  H ^ y “̂ . Thus 1 .1 2  imp 11 (.es
aH^y^ C H 'y '**a,  and  s i m i l a r  r e a s o n i n g  w i t h  h  d e t e r m i n e d  i n  G
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by  1 ,1 2  w here  k  i s  I n  i m p l i e s  a'SS^"^ D The
o t h e r  p r o p e r t i e s  o f  Theorem 1 . 2  a r e  v e r i f i e d  by  s i m i l a r  r e a ­
s o n i n g .
F o r  p r o p e r t y  ( i i i ) ,  l e t  H b e  a s u b s e t  o f  G. L e t  x  be  
i n  so  X.7J i s  i n  HYf. L e t  N be  t h e  k e r n e l  o f  t h a t
i s ,  N = 17 '̂ ,̂ w here  1 i s  t h e  i d e n t i t y  o f  . Now t h e r e  i s  an  
h  i n  H f o r  w h ic h  xYf = hT^ and s i n c e  t h e  c o s e t  xN c o n s i s t s  o f  
a l l  t h o s e  y  i n  G f o r  w h ic h  y?p = xT ,̂ t h e n  xN = hN so x i s  i n  
hN C HN. C o n v e r s e l y ,  (HN)?/ = (H?/) (N?) = H ^ ' l  = Hi/ i m p l i e s  
HN C (H l / )7 / \  Q .E .D .
C o r o l l a r y  1 . I f  N,H a r e  n o rm a l  M -su b loo p s  o f  an  o p e r a ­
t o r  l o o p  (G,M) t h e n  HN = NH i s  a  n o rm a l  M -sub loop  o f  (G, M) .
P r o o f .  L e t  N be  t h e  k e r n e l  o f  t h e  M-homomorphism 7 / o f  
(G,M) o n to  t h e  o p e r a t o r  lo o p  ( G ' , M ) ,  so t h a t  i f  1 i s  t h e  
i d e n t i t y  o f  (G'  ̂ ,M) , t h e n  = N, Now, b y  p r o p e r t y  ( i )  o f  
Theorem l . i i ,  H n o rm a l  i n  G i m p l i e s  H t / i s  n o rm a l  i n  Ĝ  w h ic h ,  
i n  t u r n ,  i m p l i e s  (H)/)7/ “'̂  i s  n o rm a l  i n  G by p r o p e r t y  ( i i )  o f  
t h e  same t h e o r e m .  But  {'E.yp'rf^ = HN, and h e n c e ,  HN i s  n o rm a l  
i n  G, E v i d e n t l y  HN i s  an  M -s u b lo o p ,  f o r  i f  h n  i s  i n  HN and 
m i n  M, t h e n  (hn)m = hm*nin i s  i n  HN s i n c e  H,N a r e  M -s u b lo o p s .  
Q . E . D .
C o r o l l a r y  2 . I f  i /  i s  an  M-homomorphism o f  t h e  o p e r a t o r  
l o o p  (G,M) o n to  t h e  o p e r a t o r  l o o p  (G' ,M) t h e n ,  ( i )  I f  H i s  
an  (a  n o rm a l )  M -sub loop  o f  G, HI/ i s  an  ( a  n o rm al)  M -sub loop  
o f  G' ' . ( i i )  I f  H '’ i s  an  ( a  n o rm a l )  M -sub loop  o f  G^, i s
an  (a  no rm al )  M -sub loop  o f  G,
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P r o o f ,  P r o p e r t y  (1) f o l l o w s  f r o m  p r o p e r t y  (1) o f  
Theorem 1.1| and  t h e  f a c t  t h a t  P r o p e r t y
(11) f o l l o w s  f ro m  p r o p e r t y  (11) o f  Theorem l . l i  and t h e  f o l l o w ­
i n g :  I f  we l e t  H = H'77'^ t h e n  = H' and  (HM)?7 = (H^)M =
C H . .  H en ce ,  HM C  = H. Q .E .D .
An o p e r a t o r  l o o p  (G,M) I s  a  d i r e c t  p r o d u c t  o f  two n o rm a l
M -su b lo o p s  H^fHg ( an d  we w r i t e  G = H^® H^) I f  G = H^H^ and
e a c h  X I n  G h a s  a u n i q u e  r e p r e s e n t a t i o n  x = h ^ h ^ ,  where  h^
I s  I n  H^ and h^  I s  I n  H^. The f o l l o w i n g  p r o v i d e s  an  e q u i v a ­
l e n t  d e f i n i t i o n :
Lemma 1 . 5  L e t  H,K be  n o r m a l  M -su b lo o p s  o f  t h e  o p e r a t o r
lo o p  (G,M).  Then G = H®K I f  and  o n l y  I f  G = HK and HHK =
1 ,  w here  1 I s  t h e  I d e n t i t y  o f  G.
P r o o f ,  Assume t h e  c o n d i t i o n s  h o l d .  Then ,  I f  x I s  I n  G,
G = HK I m p l i e s  x  = h k ,  w here  h , k  a r e  I n  H,K r e s p e c t i v e l y .
Suppose  t h a t  x = h" k '  a l s o ;  t h e n  we show t h a t  h  = h'  ̂ and  k  =
k ' .
D e f i n e  h  by  h h  = 1 ,  Then h (h k )  = hx  = h(h ' '  k '  ) , and
a l s o ,  s i n c e  K I s  n o r m a l ,  [ h ( h k ) ]  K = h [ ( h k ) K ]  = (hh)K = K.
On t h e  o t h e r  h a n d ,  [  E (h k )J  K = [ h ( h ' ' k ' ' ) l K  = ( 5 /  )K. T hus ,
K = (hh^ ) K I m p l i e s  h h '  i s  I n  HDK = 1 ,  So,  hh '  = 1 = Eh and 
h e n c e  h^ = h .  Then we m u s t  h a v e  k = k '  and  t h e  r e p r e s e n t a t i o n  
X = h k  I s  u n i q u e ,  so  G = H®K.
C o n v e r s e l y ,  I f  G = H®K,  l e t  d be  i n  HHK.  Then ,  we may 
h a v e  d = hk w here  h  = d and  k = 1 ,  a n d  a l s o ,  d = h ' k ^  where  
h '  = 1 and  k ' ’ = d .  H ence ,  by  u n i q u e n e s s ,  h  = h '  , k  = k ' ,  so
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d = 1 and  HHK = 1 .  A l s o ,  G = H®K I m p l i e s  G = HK by d e f i ­
n i t i o n .
Lemma 1 . 6 . I f  t h e  o p e r a t o r  lo o p  (G,M) i s  a d i r e c t  p r o ­
d u c t ,  t h a t  i s ,  G = H ^ K ,  t h e n
( i )  hk*h^k^  = h h ^ * k k ^ ,  f o r  h , h ^  i n  H, k , k ^ i n  K,
( i i )  hk  = k h  f o r  a l l  h  i n  H, k  i n  K,
( i i i )  i f  two o f  x , y , z  a r e  i n  H ( i n  K ) , and t h e  t h i r d
i s  i n  K ( i n  H ) ,  t h e n  xy *z  = x*yz  .
P r o o f .  To p r o v e  t h e  f i r s t  p r o p e r t y ,  we n o t e  t h a t  t h e r e
m u s t  be u n i q u e  e l e m e n t s  h _ i n  H, k. i n  K f o r  w h ic h
2 2
1. 11+ h k ' h ^ k ^  = h ^ k ^ .
How, s i n c e  K i s  n o r m a l ,  h^K = (hgk^)K  = (hk*h^k^)K  = (hh^)K ,
w h ic h  means t h e r e  i s  a  k'  ̂ i n  K s u c h  t h a t  h ^ » l  = h h ^ - k ' ’ . Then,
by  u n i q u e n e s s ,  h^  = h h ^ ,  k^ = 1.
A l s o ,  H n o r m a l  i n  G i m p l i e s  Hk = H(h  k ) = H(hk*h_k_)  =
2 2 2 1 1
H ( k k ^ ) ,  and so  t h e r e  i s  an  li i n  H s u c h  t h a t  I ' k ^  = h'’ *kk^.  
Then ,  u n i q u e n e s s  i m p l i e s  k^  = kk^  and ( i )  now f o l l o w s  f ro m  
l . l l j - .
To show ( i i ) ,  l e t  h  = k^ = 1 i n  ( i ) ;  t h e n  h k 'h ^ k ^  = 
hh^*kk^  i m p l i e s  kh^ = h ^ k .
F i n a l l y ,  i f  we l e t  k = 1 ,  f o r  e x am p le ,  t h e n  ( i )  becomes 
h ' h ^ k ^  = h h ^ ' k ^ .  The o t h e r  c a s e s  f o l l o w  i n  a  s i m i l a r  m an n e r .  
Q .E .D .
I f  a r e  two m ap p ing s  o f  a l o o p  G i n t o  i t s e l f ,  we
d e f i n e  t h e  sum by  x(?^^+?^) = (x)^^) (x^^)  . An endomor­
p h i s m  S  o f  t h e  o p e r a t o r  l o o p  (G,M) w i l l  be c a l l e d  an
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M ~ d e co m p o s l t lo n  endom orph ism  o f  G I f  (1) 0 i s  an  M-endomor­
p h i s m  o f  G, and  ( 1 1 ) ,  t h e r e  e x i s t s  an  endomorphism o f  G 
s u c h  t h a t  X = x 6»x(p and  x & ^  = x tpô  = 1 f o r  a l l  x  I n  G, We 
s h a l l  c a l l  cfj t h e  com plem ent  o f  9 .  I f  we d e n o t e  t h e  endomor­
p h i sm s  X X  and x - ^ 1 ,  f o r  a l l  x  I n  G, hy  I  and  0 r e s p e c ­
t i v e l y ,  t h e  r e q u i r e m e n t s  <p m u s t  m e e t  a r e  e q u i v a l e n t  t o  9  + (f) = 
I  and  &ij) = (pO = 0 ,
The I m p o r t a n c e  o f  c o m p le m e n ta ry  M -d e c o ra p o s l t lo n  endomor­
p h i sm s  becomes a p p a r e n t  w i t h  t h e  f o l l o w i n g  two r e s u l t s :
Lemma 1 . 7  L e t  & be  a n  M - d e c o m p o s l t io n  endomorphism o f  
t h e  o p e r a t o r  lo o p  (G,M) w i t h  complement  cj). Then
( I )  (p l 3  a n  M-endomorphlsra ,
( I I )  G = (GO) ® (G4>) ,
( I I I ) (j) I s  a n  M - d e c o m p o s l t lo n  endomorphism  w i t h  c o m p le ­
ment  0 ,
( I v )  0 and  a r e  I d e r a p o t e n t ,  t h a t  I s ,  00 =0  and  <p<f> =
P r o o f .  I f  m i s  I n  M, t h e n  xm = (xG'X(^)m = x©m»xcjbra = 
xm9*x^m. A l s o ,  s i n c e  xm I s  i n  G, xm = xm@,xmÿ, and  t h u s ,  
xcjm = xm(p so  ( 1) h o l d s .
To show p r o p e r t y  ( 1 1 ) ,  l e t  H = GÔ, K = G(^, Wow, c o n s i ­
d e r  t h e  k e r n e l  o f  p .  I f  x p  = 1 ,  t h e n  x  = x 6 * x p  = xO  I s  I n  H, 
C o n v e r s e l y ,  i f  h  I s  i n  H, t h e n  f o r  some x ,  h  = x 0  and  so  ixp = 
x S p  = 1 ,  H e n ce ,  H I s  t h e  k e r n e l  o f  p ,  and  t h u s  i s  n o r m a l .  
S i m i l a r l y ,  K I s  a n o rm a l  M -sub loop  o f  G.
Wow, l e t  d be  I n  Hr i K,  T hen ,  f o r  some x  and y ,  d =
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x 0 =  ycj). H ence ,  d0  = = 1 and  d<̂  = = 1 Im p ly  d =
d8*d^ = 1 ,  and  so Hf l K = 1 ,  M o re o v e r ,  G = HK s i n c e  x  = 
x0*xt|> f o r  a l l  X i n  G, and  s o  G = H® K by  Lemma 1 . ^ .
To show p r o p e r t y  ( i i i ) , we n e e d  o n l y  show x  = x ^ » x 0  f o r  
a l l  X i n  G. B u t ,  s i n c e  x©,xc|) a r e  i n  H,K r e s p e c t i v e l y  f o r  
a l l  X i n  G, Lemma 1 . 6  ( i i )  i m p l i e s  x  = xô*xc|) = xcj)»x0 f o r  a l l  
X i n  G,
F i n a l l y ,  f o r  a l l  x  i n  G, x  = x0«xc^, x 0  = -  x&9.
H en ce ,  9 9 =  Q,  and  s i m i l a r l y ,  <p4 = Q .L .D .
Lemma 1 . 8  I f  (G,M) i s  a n  o p e r a t o r  lo o p  and  G = H®K,  
w h e re  H,K a r e  n o rm al  M -s u b lo o p s  o f  G, t h e n  t h e r e  i s  a  p a i r  
o f  c o m p lem e n ta ry  M - d e c o m p o s i t i o n  endomorph!sms 6 , ^  s u c h  t h a t  
GÔ = H and  G^ = K.
P r o o f .  I f  X i s  i n  G, t h e n  x  =  hk  w he re  h  i s  i n  H, k  i n  
K, D e f in e  9 ,  ^ a s  f o l l o w s :  x© = h ,  x<^ = k;  t h e n ,  GO = H and
Gp = K. We f i r s t  show t h a t  9,(p  a r e  e n d o m o rp h ism s . I f  x , y  
a r e  i n  G, t h e n  t h e r e  e x i s t  h , h ^  i n  H and k , k ^  i n  K s u c h  t h a t
X = hk  and  y  = h ^ k ^ .  T hen ,  xy  = hk» h ^k ^  = hh^*kk^  by Lemma
1 , 6  ( i )  and  so  ( x y ) 0  = h h ^ .  B u t  x 9 » j 9  = hh^  a l s o ,  so  (xy )0  =
xQ*jQ  and  9  i s  a n  endom orph ism . S i m i l a r  r e a s o n i n g  shows t h a t
i s  a l s o  an  endom orph ism .
F u r t h e r ,  i f  x  = h k  i s  i n  G and  m i s  i n  M, t h e n  xQm = 
(hk)6m = hm. B u t  a l s o ,  xm = (hm) (km) and  s i n c e  hm i s  i n  H, 
km i n  K, xm6 = [(hm) (km)]@ = hm and  h e n c e ,  xôm = xm9.  S in c e  
a  s i m i l a r  r e s u l t  h o l d s  f o r  (p, b o t h  9  and  <f) a r e  M-endomorphisms 
o f  G.
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F i n a l l y ,  we s e e  x  = h k  = x 6*x<̂  f o r  a l l  x  i n  G, and a l s o  
xGcf) = h<  ̂ = (h'l)<j) = 1 ,  x p ô  = k& = ( l » k )6 = 1, so  t h a t  6, ^  a r e  
co m p lem e n ta ry  M - d e c o m p o s i t i o n  en d om orp h ism s .  Q . E . D .
The p r e c e d i n g  two lemmas may be  combined  t o  g i v e  t h e  
f o l l o w i n g ;
Theorem 1 . 5  An o p e r a t o r  l o o p  (G,M) i s  a  d i r e c t  p r o d u c t  
o f  two n o rm a l  M -s u b lo o p s  i f  a n d  o n l y  i f  i t  p o s s e s s e s  a p a i r  
o f  c o m p lem e n ta ry  M - d e c o m p o s i t i o n  endom orph ism s .
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CHAPTER I I  ISOTOPY AND HOMOMORPHISMS OP QUASIGROUPS
S e c t i o n  I . I s o t o p y . An e l e m e n t  f  o f  a g r o u p o i d  G(*)
I s  c a l l e d  l e f t - n o n s i n g u l a r  i f  t h e  m apping  L ( f , * )  I s  a  p e rm u ­
t a t i o n  o f  G, and  r i g h t - n o n s I n g u l a r  I f  R ( f , * )  I s  a p e r m u t a ­
t i o n  o f  G. A g r o u p o l d  G(*) I s  s a i d  t o  he  I s o t o p l c  t o  a  
g r o u p o l d  H(o) I f  t h e r e  e x i s t  t h r e e ,  n o t  n e c e s s a r i l y  d i s t i n c t ,  
o n e -o n e  m app ings  U,V,W o f  G o n t o  H s u c h  t h a t  (x-y)W = 
(xU)o(yV) f o r  a l l  x , y  I n  G. I n  p a r t i c u l a r ,  when G(*) I s  
I s o t o p l c  t o  H(o) and  we h a v e  U = V = ¥ ,  t h e n  G(*) i s  s a i d  t o  
be  I s o m o r p h ic  t o  H ( o ) .
I t  I s  e a s i l y  shown t h a t  I s o t o p y  and h e n c e .  I so m o rp h ism  
a r e  e q u i v a l e n c e  r e l a t i o n s .  I f  U = V = W I s  t h e  I d e n t i t y  
m apping  on  t h e  s e t  G, t h e n  e v e r y  g r o u p o l d  G(») on G I s  I s o ­
t o p l c  t o  I t s e l f .  I f  we assume G(«) I s  I s o t o p l c  t o  H(o) and  
( x » y ) ¥  = ( xU) o( yV) ,  t h e n ,  s i n c e  U, V, ¥  a r e  o n e -o n e  m app ings  
o f  G o n to  H, U"^, V ' \  ¥ ‘̂  e x i s t  and a r e  o n e -o n e  m app ings  o f  H 
o n to  G. F u r t h e r ,  (xoy)¥ '^  = [(xU'^)Uo(yV'^)Vj¥'^ and s i n c e  
(xU'^)Uo(yY'^)V = [(xU ’̂ ) • (yV^)] ¥ ,  we have
2.1 ( x o y ) ¥ ‘* = xU'^-yV^
H ence ,  H(o)  I s  I s o t o p l c  t o  G(«) and  t h e  r e l a t i o n  o f  I s o t o p y  
I s  r e f l e x i v e .  F i n a l l y ,  I f  G ( ' )  I s  I s o t o p l c  t o  H ( o ) ,  where  
U, V, ¥  a r e  o n e -o n e  m ap p in g s  o f  G o n to  H and  ( x * y ) ¥  = (xU)o(yV) 
f o r  a l l  x , y  I n  G, and a l s o  I f  H(o) I s  I s o t o p l c  t o  K(-«-), w here  
L,M,N a r e  o n e - o n e  m app in gs  o f  H o n t o  K and  (zow)N = (zL)-«-(wM)
2$
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f o r  a l l  z ,w  I n  H, t h e n  WN,XJLjVM a r e  o n e -o n e  m app in gs  o f  G 
o n to  K. A l s o ,  (x»y)WN = (xUoyV)N = x(UL)-:!y(VM) i m p l i e s  G(*) 
i s  i s o t o p l c  t o  K ( * ) .
I f  a s e t  i s  a g r o u p o ld  w i t h  r e s p e c t  t o  two d i f f e r e n t  
o p e r a t i o n s  (•} and  t h e n  th e  g r o u p o ld s  G(«) and G(-::-) a r e
s a i d  t o  be  p r i n c i p a l  i s o t o p e s  i f  t h e r e  a r e  two p e r m u t a t i o n s  
P,Q, o f  G s u c h  t h a t  x*y  = (xP )#(yQ ) f o r  a l l  x , y  i n  G. We now 
show t h e  f o l l o w i n g  u s e f u l  r e s u l t :
Lemma 2 . 1  P e r  e v e r y  g r o u p o ld  H(o) i s o t o p l c  t o  a g iv e n  
g r o u p o l d  G ( ' ) ,  t h e r e  i s  a  g r o u p o l d  G(*] w h ic h  i s  i s o m o rp h ic  
to  H(o) and  i s  i s o t o p i c  t o  G ( * ) .  I n  p a r t i c u l a r ,  G(-::-) may be 
c h o s e n  t o  b e  a  p r i n c i p a l  i s o t o p e  o f  G ( * ) .
P r o o f .  I f  H(o) i s  i s o t o p i c  t o  G ( * ) ,  t h e n  G(*) i s  i s o ­
t o p i c  t o  H(o) , an d  t h e r e  a r e  o n e -o n e  m app in gs  TJ,V,W o f  G 
o n to  H s u c h  t h a t  (x * y )¥  = (xTJ)o(yV), I f  T i s  any  o n e -o n e  
m app ing  o f  G o n to  H, t h e n  T"  ̂ e x i s t s  and  i s  a  o n e -o n e  m apping  
o f  H o n to  G. Now, i f  we d e f i n e  xisy = [(xT ) o (yT)] T"  ̂ f o r  a l l  
x , y  I n  G, t h e n  x-::-y i s  i n  G f o r  a l l  x , y  i n  G and so  G i s  a 
g r o u p o ld  r e l a t i v e  t o  t h e  o p e r a t i o n  (*) , F u r t h e r ,  (x-;:-y)T = 
[ (x T )o (y T )]  i m p l i e s  G(*) i s  i s o m o rp h ic  t o  H(o) .
I f  = UT'S = VT‘̂  and = ¥ T " \  t h e n  Ü ^ ,V ^ ,¥ ^  a r e  
p e r m u t a t i o n s  o f  G an d  f o r  a l l  x , y  i n  G we h a v e  (xU^)-”-(yV^ ) = 
[ ( x n i )T o ( y V i) T ] T <  = [(xU )o(yV )] = [ ( x .y ) ¥ ] T <  = (x .y )W ^.
Now, t h i s  h o l d s  f o r  a l l  o n e -o n e  m ap p in gs  1 o f  G o n to  ÏÏ a n d ,  
i n  p a r t i c u l a r ,  when T = ¥ ,  we h a v e  x*y  = [ x(U¥"*')]-;:-[y(V¥'^)] 
and s i n c e  W*^, W *  a r e  p e r m u t a t i o n s  o f  G, G I s  a p r i n c i p a l
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i s o t o p e  o f  G- ( ' ) .  Q .E .D .
As a c o n se q u e n c e  o f  Lemma 2 . 1 ,  we s e e  t h a t ,  up t o  i s o ­
m o rp h ism , we l o s e  no g e n e r a l i t y  i n  c o n s i d e r i n g  i s o t o p i c  
g ro u p o id s  t o  b e  p r i n c i p a l  i s o t o p e s .  A n o th e r  i m p o r t a n t  
r e s u l t  i s  t h e  f o l l o w i n g ;
Theorem  2 . 1  I f  &(• )  i s  a  g r o u p o l d ,  a n e c e s s a r y  and  
s u f f i c i e n t  c o n d i t i o n  t h a t  t h e r e  b e  a  g r o u p o ld  H(o) w i t h  tw o -  
s i d e d  I d e n t i t y ,  i s o t o p i c  t o  G ( * ) ,  i s  t h a t  &(•)  h ave  a t  l e a s t  
one l e f t - n o n s i n g u l a r  e le m e n t  f  and  a t  l e a s t  one r i g h t - n o n -  
s i n g u l a r  e le m e n t  g .  E v e ry  p r i n c i p a l  i s o t o p e  G(o) o f  t h i s  
ty p e  i s  g i v e n  by
2.2 xoy = CxR(g, •)‘̂ 1 *[yL(f » ,
fo r  some such f i xed  p a i r  f , g  i n  G(«).
P r o o f .  To show t h e  n e c e s s i t y  o f  t h e  c o n d i t i o n ,  assum e 
G ( ' )  h a s  an i s o t o p e  H(o)  w i t h  a  t w o - s i d e d  i d e n t i t y .  T hen , 
G ( 0  h a s  a p r i n c i p a l  i s o t o p e  G(-"') w h ic h  i s  i s o m o r p h ic  to  
H(o) and h e n c e  G(-::-) h a s  a t w o - s i d e d  i d e n t i t y  e .  A l s o ,  t h e r e  
a r e  p e r m u t a t i o n s  A,B o f  G s u c h  t h a t  x»y = (xA)-::-(yB) and 
h e n c e ,  2.1 i m p l i e s
2 .3  x-::y = (xA“M • (yB"^)
f o r  a l l  x , y  i n  G. T h is  means L(x,-5:-) = B'*L(xA'^,*) and  
R(x,---) = A * R (x B ^ , ')  f o r  a l l  x  i n  G. Now, i f  t h e  i d e n t i t y  
m app ing  on G i s  d e n o te d  b y  I ,  t h e n ,  s i n c e  e i s  a  r i g h t  i d e n ­
t i t y  i n  G(‘--) j I  ' R ( e , * )  = A*R(eB^, ») an d  s i n c e  e i s  a l s o  a 
l e f t  i d e n t i t y ,  I  = L(e,-::-) = B ^ L f e A^ , » ) .  H en ce , A = R(eB"^, •) 
and  B = L(eA '^,*) and  s i n c e  A,B a r e  p e r m u t a t i o n s  o f  G, eB"^
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
28
and  eA‘̂  a r e  r i g h t -  and  l e f  t - n o n s i n g u l a r , r e s p e c t i v e l y ,  i n  
G( * ) .  T h us , th e  p e r m u t a t i o n s  A,B a r e  t h e  fo rm  R ( g , • ) j L ( f , • )  
w h e re  g , f  a r e  r i g h t -  and  l e f t - n o n s i n g u l a r  r e s p e c t i v e l y .
T hen , 2,3 i m p l i e s  x-K-y = [ x R ( g , ' ) ^ j  •L yL(f,* ) '^J and s i n c e  th e  
a r b i t r a r y  g r o u p o id  ( w i t h  t w o - s i d e d  i d e n t i t y )  H(o) i s  i s o m o r ­
p h i c  to  Gr(*"0, t h e  l a s t  s t a t e m e n t  o f  t h e  th e o re m  i s  p r o v e n .
C o n v e r s e ly ,  i f  G-(*) h a s  a l e f  t - n o n s i n g u l a r  e le m e n t  f  and  
a  r i g h t - n o n s i n g u l a r  e le m e n t  g ,  t h e n  L ( f , * )  and R ( g , •) a r e  
p e r m u t a t i o n s  o f  G and  h e n c e ,  L(f ,*)~^ and  R(g,*)"^ e x i s t  and  
a r e  a l s o  p e r m u t a t i o n s  o f  G- T hen , i f  we d e f i n e  t h e  o p e r a t i o n  
on G by x-;:-y = L^R{g, • )'^J * [ y L ( f , • )"̂ 3 , t h e n  G i s  a 
p r i n c i p a l  i s o t o p e  o f  G ( * ) .  M o re o v e r ,  t h e  e le m e n t  f* g  = e i s  
a  t w o - s i d e d  i d e n t i t y  i n  G( * ) :  x-5:-(T*g) =
[ x R ( g , ' y ' i ] - [ ( f ' g ) L ( f , . y ^ ]  and  s i n c e  ( f  . g ) L ( f , • )’̂  = 
[ g L ( f , ' ) ] L ( f , . y *  = g ,  t h e n  x-x-(f *g) = [xR (g ,  • )'^1 R (g, • ) = x .
A s i m i l a r  a rg u m e n t  shows t h a t  e = f* g  i s  a l s o  a l e f t  i d e n ­
t i t y .  Q .E .D .
I n  p a r t i c u l a r .  Theorem  2 . 1  i m p l i e s  t h a t  f o r  e v e r y  q u a s i ­
g ro up  t h e r e  i s  a n  i s o t o p i c  l o o p .
C o r o l l a r y  1 . L e t  G(«) be  a  g r o u p o id  w i t h  t w o - s i d e d  
i d e n t i t y  1, l e f t - n o n s i n g u l a r  e le m e n t  f  an d  r i g h t - n o n s i n g u l a r  
e le m e n t  g .  I f  G(o) i s  t h e  p r i n c i p a l  i s o t o p e  w i t h  tw o - s i d e d  
i d e n t i t y  e = f* g  g i v e n  by  2, 2, t h e n  f , g  a r e  r e s p e c t i v e l y  a 
r i g h t - n o n s  i n g u l a r  and  a  l e f  t - n o n s i n g u l a r  e le m e n t  o f  G(,o) . 
F u r t h e r ,
2.1). x - y  = [x R (f  o [yL (g ,o)"^ l
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f o r  a l l  x , j  o f  G- and 1 = g o t .
P r o o f .  S in c e  1 i s  a  t w o - s i d e d  i d e n t i t y  i n  G( « ) ,  we 
h a v e ,  i n  p a r t i c u l a r ,  g = l * g  an d  f  = f * l  w h ic h  im p ly  
g R (g , . ) ^ '  = 1 and  f L ( f , * r ^  = 1 r e s p e c t i v e l y .  Now, s i n c e  
xR(f,<?) = x o t  = [xR ( g , ' '  [ f  h  ( f , ' f  ]  = [x R (g ,* ) ‘^l *1 =
x R(g , ' f o r  a l l  x ,  we h a v e  R ( f , o )  = RCg,»)"^.  S i m i l a r l y ,
L ( g , o )  = L ( f , ' ) ^ .  T h u s , s i n c e  R(g,») ' ^  and L ( f , - ) ' ^  a r e  p e r ­
m u ta t io n s  o f  G, so  a r e  R ( f , « ) , L ( g , o ) and  f , g  a r e  r i g h t -  and  
l e f t - n o n s i n g u l a r  r e s p e c t i v e l y  i n  G ( o ) ,
To show R .l i ,  we n o t e  t h a t  s i n c e  R ( f , o ) ^  = R ( g , * ) ,  
h ( g , o = L ( f , ' ) ,  t h e n  LxR(f , ° ) ‘^] ®[yL(g,  o)"^] =
{ [x R (g ,  •)] R( g ,  ‘ ( [ y L C f , - ) ] L ( f ,  = x - y .  F i n a l l y ,  g » f  =
[ g R( g , . y < ]  . [ f L ( f , . r ' j  = 1 - 1  = 1 .  Q . E . D .
S e c t i o n  2 , Homomorphisms o f  Q u a s i g r o u p s . A homomor p h i  am 
9̂  o f  a q u a s ig r o u p  G( - )  o n to  a q u a s i g r o u p  H(-:0 i s  a  m apping  
o f  G o n to  H f o r  w h ic h  (x-y)>p = (x?j>)*(y>j)) . I n  S e c t i o n  3 o f  
C h a p te r  I ,  n o rm al s u b lo o p s  w ere  i n t r o d u c e d  as  k e r n e l s  o f  homo­
m orph ism s and w ere  s t u d i e d  i n  some d e t a i l .  A s i m i l a r  d e v e l o p ­
m ent f o r  q u a s i g r o u p s  i s  n o t  im m e d ia te ,  s i n c e  t h e  l a c k  o f  a 
tw o - s i d e d  I d e n t i t y  r a i s e s  t h e  q u e s t i o n  o f  how t h e  k e r n e l  o f  
a homomorphism s h o u ld  b e  d e f i n e d .  H ow ever, t h e  f a c t  t h a t  
e v e r y  q u a s ig r o u p  i s  i s o t o p i c  t o  a lo o p  s u g g e s t s  a  n a t u r a l  
c o u r s e  o f  a c t i o n  t o  t a k e  i n  t h e  c o n s i d e r a t i o n  o f  homomor­
p h ism s  o f  q u a s i g r o u p s .
I f  i s  a  homomorphism o f  a  q u a s ig r o u p  G( - )  o n to  a 
q u a s ig r o u p  , a  p e r m u t a t i o n  U o f  G w i l l  be  c a l l e d  an
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7̂ -p e rm -u ta t lo n  o f  G i f ,  f o r  a l l  x , y  i n  G, x7) = y?p i f  and  o n ly  
i f  (xU)tj> = (yU)?J). I f  G(o) i s  a q u a s ig r o n p  w h ic h  i s  a n  i s o ­
to p e  o f  G(*)> w h ere  (x o y )¥  = xU*yV, and  i f  U, V, ¥  a r e  77-p e rm u ­
t a t i o n s  o f  G, G(o)  w i l l  be c a l l e d  an  ^ - i s o t o p e  o f  G( * ) .
Lemma 2 .2  I f  7̂  i s  a  homomorphism o f  th e  q u a s ig r o u p  
G ( ' )  o n to  t h e  q u a s ig r o u p  H(*) and  i f  G(o) i s  an  77- i s o t o p e  o f  
G ( . ) ,  t h e n  t h e r e  i s  a q u a s ig r o u p  H(0 ) w h ic h  i s  b o t h  i s o t o p i c  
t o  u n d e r  th e  i n d u c e d  i s o t o p y  and a l s o  t h e  homomorphic
image o f  G(°)  u n d e r  Tp.
P r o o f .  I f  t h e  i s o t o p e  G(o)  i s  g iv e n  by (x o y )¥  = xU*yV, 
t h e  in d u c e d  m app in gs  ¥ , U , V  o f  H a r e  d e f i n e d  a s  f o l l o w s :  i f
y  i s  i n  H,
2 . 5  y u  =
f o r  any  x i n  G f o r  w h ic h  xTJ? = y .  I f  x , x '  a r e  e le m e n ts  i n  G
f o r  w h ic h  X77 = y ,  and  = y , t h e n  s i n c e  TJ i s  a n  7 p -p erm u ta-
t i o n ,  xY) = x ' ’t7 i m p l i e s  (xU)'?7 = (x^G)77, and  h e n c e ,  G i s  
s i n g l e  v a l u e d .  The in d u c e d  m ap p in g s  V ,¥  a r e  g i v e n  by  e q u a ­
t i o n s  s i m i l a r  t o  2. 5 .
Now, i f  X i n  i n  H, t h e r e  i s  an x  i n  G f o r  w h ic h  xTj? = x .  
A l s o ,  s i n c e  G i s  a  p e r m u t a t i o n  o f  G, th e re  is  m  e le m e n t  y  i n  G 
s u c h  t h a t  X = yG. T h en , yGT^ = x  b u t  a l s o ,  2 .5  i m p l i e s
2.6 (yG)?7 = (y>7)tJ
and h e n c e ,  we h a v e  an  e le m e n t  y 77 i n  H f o r  w h ic h  j r p  = x ,  so
G i s  a  m apping  o f  H o n to  i t s e l f .  F i n a l l y ,  i f  we assume 
xT̂ tJ = y^G, w here  x , y  a r e  i n  G, t h e n  2 . 6  i i r p l i e s  (xG)?7 =
(yG)?7 and  s i n c e  G i s  an  ^ - p e r m u t a t i o n ,  x?7 = y yp. Thus G i s  a
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o n e -o n e  m apping  o f  H o n to  i t s e l f  and  t h e r e f o r e  i s  a p e rm u ta ­
t i o n  o f  H as  a r e  W,V a l s o .
T h is  means t h a t  H(o) , w here  h@k = (hUi^kV) (M)"  ̂ f o r  a l l  
h , k  i n  H, i s  an  I s o t o p e  o f  H(@) i s  a  q u a s ig r o u p  f o r  i t
i s  e a s i l y  shown t h a t  e v e r y  i s o t o p e  o f  a  q u a s ig r o u p  i s  a  
q u a s i g r o u p ,
A l s o ,  f o r  a l l  e le m e n t s  z o f  G-,
2 .7  z?7(ü r^  =
s i n c e  zTJ'?pU = (zlJ’̂ )^ir = ( zU'^)U?p = and  so zU'S^U = z"y, 
im p ly in g  2, 7.
¥ e  now show t h a t  ^  i s  a homomorphism o f  G-(o) onto H{®) . 
By a s s u m p t io n ,  77 i s  a  m app ing  o f  G o n to  H and 2 . 7  i m p l i e s  
(xoy)?p = (xU*yV)W >̂7 = [(xU .yV)?7]  (¥)“̂  . A l s o ,  [(xU 'yV)?^] (¥)"^ = 
(xU7̂*yV9j?) (¥)"^ = (x^Ü-îiyî^V) (¥)"^ = t h a t  i s ,  =
x%ay^. Q . E . D .
Theorem  2 .2  G iv en  any  homomorphism 7̂  o f  a  q u a s ig r o u p  
G ( ' )  o n to  a q u a s ig r o u p  H(-5!-) # t h e r e  e x i s t s  a p r i n c i p a l  ^ - i s o -  
t o p y  so  t h a t  t h e  i s o t o p e  G( o)  an d  i t s  im age H(©) a r e  l o o p s .
P r o o f .  I f  f , g  a r e  any  two e le m e n t s  o f  G ( » ) ,  i t  h a s  
been shown t h a t  t h e  p r i n c i p a l  i s o t o p e  G{o) g i v e n  by 2 .2  i s  a  
l o o p ,  w i t h  t w o - s i d e d  i d e n t i t y  f * g .  Now, i f  R ( g ,  * 
a r e  shown to  be  77- p e r m u t a t i o n s ,  t h e n  G(«) w i l l  be a  p r i n c i p a l  
7 ^ - is o to p e .  F u r t h e r ,  s i n c e  t h e  im age o f  t h e  i d e n t i t y  o f  G(o) 
u n d e r  w o u ld  b e  a  t w o - s i d e d  i d e n t i t y  i n  t h e  q u a s ig r o u p  H (s)  , 
t h e n  H(©) w i l l  be  a lo o p  and  t h e  th e o re m  w i l l  b e  p r o v e d .
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2.8 = [ y R ( g , ' ) ^ ] 7 ;
f o r  x , y  i n  G, l e t  x R (g ,* ) '^  = w an d  yR( g , *) ' ^  = z .  Then x  = 
w . g ,  y  = z»g and  2 . 8  becom es wTp = z7J>. H ence , = w7̂ ::-g?7 = 
ZT̂ '-'-g’  ̂ = y 7̂ . C o n v e r s e ly ,  i f  w ,z  a r e  t h e  u n iq u e  s o l u t i o n s  i n  
G to  X = M'g and  y  = z * g ,  t h e n  x?p = y 7̂ i m p l i e s  w?7 = z7^, t h a t  
i s ,  [x R (g ,  • = I y R( g j  • S i m i l a r  r e a s o n i n g  shows t h a t
L (f , ' i s  an  7 J» -p e rm u ta tion . Q . E . D .
How, f o r  e a c h  p a i r  o f  e l e m e n t s  f , g  o f  a q u a s ig r o u p  G( * ) ,  
t h e r e  i s  a s s o c i a t e d  a lo o p  G(o) g i v e n  by  2 . 2 .  T hen , g i v e n  a 
homomorphism o f  G(») o n to  a q u a s ig r o u p  and  a p a r t i c u ­
l a r  p a i r  o f  e le m e n ts  f , g  i n  G ( ' ) ,  we m ig h t  d e f i n e  t h e
f , g - k e r n e l  o f  “h  3 ^  G ( ») , w h ic h  w i l l  be  d e n o te d  by K , t o
 ̂ j S
b e  t h a t  s u b s e t  o f  G w h ic h  i s  t h e  k e r n e l  o f  i j  i n  th e  a s s o c i a t e d
lo o p  G ( o ) .  I f  H i s  a s u b s e t  o f  G f o r  w h ic h  x?^ = y?p i f  and
o n ly  i f  x , y  a r e  i n  ÏÏ, t h e n  N w i l l  b e  c a l l e d  a n  ? y - c l a s s . I t
s h o u ld  be  n o t e d  t h a t  s i n c e  G(*) and  G(o) a r e  q u a s i g r o u p s  o v e r
t h e  same s e t  G on  w h ic h  i s  d e f i n e d ,  t h e  ^ - c l a s s e s  o f  G(*)
a r e  t h e  same as t h e  7 j? -c la sse s  o f  G(o)  ,
L e t  9J? be  a  homomorphism o f  G(»)  o n to  , and  H be  any
T ^ -c la s s ,  Now, i f  i t  i s  p o s s i b l e  t o  c h o o se  f , g  s u c h  t h a t  f * g
i s  i n  N, t h e n  N = K s i n c e  K_ i s  t h a t  lO -c la s s  w h ic h  c o n -
t a i n s  t h e  i d e n t i t y  o f  G ( o ) . B u t i f  f  i s  any f i x e d  e le m e n t
i n  G and  n  i s  i n  N, t h e  e q u a t i o n  f* x  = n  may b e  s o lv e d  f o r  x
i n  G. Then when we c h o o se  g = x ,  N = K . H ence , i f  N i s
f  ,g
any  " ^ - c l a s s ,  t h e r e  i s  a lw ay s  a  c h o ic e  o f  t h e  p a i r  f , g  f o r  
w h ic h  N = K
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CHAPTER I I I  JORDAN-BOLDER THEOREM FOR LOOPS WITH OPERATORS
S e c t i o n  1 . P r e l i m i n a r y  R e s u l t s .
Lemma 3*1 I f  A, B, C a r e  s u b lo o p s  o f  a  lo o p  G w here  
A C B, t h e n  A(B HO) = BHAC.
P r o o f .  I f  q I s  an  e le m e n t  o f  A ( B n c ) ,  t h e n  q = ad
w h ere  a  I s  i n  A and  d i s  i n  b o t h  B a n d  C, T h u s ,
A ( B n C )  C  ABHAC = BHAO.
L e t  q be  i n  BHAG,  so  q = b = ac w here  b i s  i n  B and
a , c  a r e  i n  A ,G r e s p e c t i v e l y .  Now, s i n c e  a i s  i n  th e  su b lo o p
B, t h e n  c i s  i n  BAG an d  so  q = ac  i s  i n  A(BA G) . H ence , 
BHAC C  A(BD C) .
H e r e a f t e r ,  i f  (G,M) and  (G' ,M) a r e  two M -iso m o rp h lc
o p e r a t o r  l o o p s ,  we w i l l  d e n o te  t h i s  by  G G ' .
Lemma 3 . 2  I f  9̂  i s  an  M-homomorphism o f  t h e  o p e r a t o r
lo o p  (G,M) o n to  t h e  o p e r a t o r  lo o p  (G7^,M) w i t h  k e r n e l  K and
i f  A,B a r e  two M -su b lo o p s  o f  G w here  A i s  n o rm a l i n  B, t h e n
( i )  A(KriB) = ( K r i B) A i s  a  n o rm a l  M -sub loop  o f  B,
( i l )  7  ̂ i n d u c e s  a n  M -isom orph ism  o f  B/ACKDB) o n to  
B^/A t̂ ,
( i i i )  HA i s  a n o rm a l  M -sub loop  o f  KB,
( iv )  7̂  i n d u c e s  a n  M -iso m orph ism  o f  KB/KA o n to
(v) KB/KA B/A(HO B) .
P r o o f .  ( i )  We n o t e  t h a t  t h e  s e t  B?j/Arp o f  c o s e t s  b7̂ »ATp 
i s  an  M -lo o p , s i n c e  C o r o l l a r y  2 (1) o f  Theorem  1.1). w i t h  G 
r e p l a c e d  by B i m p l i e s  A7p i s  a  n o rm a l  M -sub lo op  o f  B^. Now,
33
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t h e  m apping  6 o f  B d e f i n e d  by  h ô  = b^*A7p i s  t h e  p r o d u c t  o f  
t h e  homomorphism and t h e  c o r r e s p o n d e n c e  h T f By 
t h e  F u n d a m en ta l  Theorem , t h i s  l a s t  c o r r e s p o n d e n c e  i s  an  
M-homomorphism. H en ce , 6 i s  a  homomorphism o f  B o n to  B^/A?p, 
and  f u r t h e r ,  ^  i s  an  M-homomorphism s i n c e ,  i f  ra i s  i n  M, 
b (6m) = (b^*AJp)ra = b ( 7̂m)»A'jp = b(m?p) -A^ = (bm)5> = b(m©) f o r  
a l l  b i n  B, Now, t h e  k e r n e l  o f  Q c o n s i s t s  o f  e x a c t l y  t h o s e  
b i n  B f o r  w h ic h  hÔ = b ^ 'A ^  = Alp, t h a t  i s ,  t h o s e  b i n  B f o r
w h ic h  b ^  i s  i n  ATp. B u t bTp i s  i n  A9p i f  an d  o n ly  i f  b i s  i n
(Alp)^"^ and  {kypY^  = AK = KA by  Theorem  1 ,4  ( i i i ) .  H ence , 
t h e  k e r n e l  o f  <9 i s  B OAK = ACBHK) by  Lemma 3 * 1 . T hus, 
ACBHK) i s  a n o rm a l M -sub loo p  o f  B.
S in c e  6  i s  an  M-homomorphism o f  t h e  M -loop B o n to  t h e  
M -loop Bîp/Alp w i t h  k e r n e l  A( Br ) K) ,  t h e  F u n d a m e n ta l  Theorem 
i a i p l i e s  t h a t  t h e  m app ing  i j / o f  B/ A( BDK)  d e f i n e d  by  
[ b ’A ( B n  K)]i|y = b 9  = b?7»ATp i s  an  M -isom orph ism  o f  B /A ( B n K ) 
o n to  BTp/ATp. H ence , p r o p e r t y  ( i i )  i s  shown.
( i i i )  By C o r o l l a r y  2 o f  Theorem  l , i |  b o t h  {k"rj)Tf^ = KA,
= KB a r e  M -su b lo o p s  o f  G. To show t h a t  KA i s  n o rm al
i n  KB, i t  i s  s u f f i c i e n t  t o  v e r i f y  t h e  f o u r  c o n d i t i o n s  o f  
Lemma 1 .3  w h ic h ,  i n  t h i s  c a s e ,  a r e  a s  f o l l o w s ;  (1) KA*kb = 
kb 'K A, (2) (k b 'k ^ b ^ ) 'K A  = ( k b ) ' ( k ^ b ^ ' K A ) ,  (3) ( k b ) - (KA-k b ) ; 
(kb-KA) * (k^b^) , (i^) K A '(k b 'k ^ b ^ )  = ( K A - k b ) ' ( k ^ b  ) .
F o r  e x am p le ,  t o  show ( 4 ) ,  we f i r s t  p ro v e
3 .1  K a - (k b -k ^ b ^ )  = K a 'b b
f o r  any  a i n  A. B o th  s i d e s  o f  3 . 1  a r e  c o s e t s  mod K and  a l s o .
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[Ka*(kb*k^b^)]?7 = (K a )? 7 .[ (k b )? 7 . (k^b^)?^] = a?p* (bJ^-b^T^) =
( a ' b b ^ ) ^  and  (K a 'bb^)?^ = (Ka)?^* (bb^)T^ = (a*bb^)?p, so  3.1
h o l d s .  S i m i l a r l y ,  s i n c e  [(Ka*kb) *k^b^]?J> = (ab*b^)7j? and 
l^K (ab-b^)j7̂  = (ab*b^)?^ and  a l s o  (Ka*kb) »k^b^ , K (ab*b^) a r e  
c o s e t s  mod K f o r  a l l  a  i n  A, we h av e
3.2 { K a^ k b ) .k ^ b ^  = K ( a b ' b  ) .
S in c e  3 . 1  h o l d s  f o r  a l l  a  i n  A,
3 .3  E A - ( k b ' k  b^) = EA-bb^ 
and s i m i l a r l y  3*2 i m p l i e s
3 .4  ( E A .k b ) 'k ^ b  = E ( A b ' b ^ ) .
How, s i n c e  A i s  n o rm a l  i n  B, K(Ab*b ) = K(A*bb ) .  F u r t h e r ,
-L 1
K n o rm a l  i n  G i m p l i e s  K(A*bb^) = E A 'b b^ ; h e n c e ,  3 . 4  becom es 
(KA»kb)*k^b^ = KA*bb^. C o n d i t i o n  (4) now f o l l o w s  fro m  3 . 3 .  
S i m i l a r  r e a s o n i n g  shows ( 1 ) ,  ( 2 ) ,  ( 3 ) .
( i v )  I f  we d e f i n e  A^ = KA, = KB, t h e n  ( i i i )  s t a t e s  
t h a t  A^ i s  a  n o rm a l  M -su b loo p  i n  B^ and  t h e n  a p p ly in g  ( i i ) ,  
we s e e  t h a t  yj i n d u c e s  an  M -iso m o rp h ism  o f  B ^ /A ^ (K 0 B ^ )  o n to  
B ^ / A ^ . B u t K C KB = B , so  KDB^  = KDKB = K and  t h u s ,  
B ^ /A ^(K r)B ^) = KB/KA*K = KB/KA. A l s o ,  B ^ / A ^  =
(KB)?^/(KA)?^ = B^/A)y and  h e n c e ,  7̂  i n d u c e s  an  M -isom orph ism  o f  
KB/KA o n to  BTj/ATp.
(v) f o l l o w s  f ro m  ( i i )  and  ( i v ) .  Q,.E.D.
Lemma 3 .3  I f  (G,M) i s  an  o p e r a t o r  lo o p  w i t h  M -su b lo o p s
K, L, U, V w here  K i s  n o rm a l i n  U and L i s  n o rm al i n  V, t h e n
( i )  K ( u n v )  ^  u n v
K ( U n L )  M (KOV)  ( u n L )  '
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( i l )  L ( u n v )  Cd u n v  and. h e n c e ,
L ( K n v )  "M ( K n v )  ( u n L )
K ( u n v )  cd L ( u n v ) .
K ( U n L )  M L ( K n V )
P r o o f .  S in c e  K i s  a  n o rm a l  M -sub loop  o f  t h e  M -loop U,
t h e  P-undam ental Theorem  i m p l i e s  t h a t  t h e  m app ing  7̂  o f  TJ
d e f i n e d  by  U77 = TJ/K i s  an M-homomorphism o f  U o n to  U/K w i t h
k e r n e l  K. Now, l e t  A = U H L ,  B = UDV;  e v i d e n t l y ,  A and  B
a r e  M -sn b lo o p s  o f  U. A l s o ,  t h e  n a t u r a l  homomorphism V V/L
in d u c e s  a homomorphism o f  t h e  s u b lo o p  UOV = B w i t h  k e r n e l
Bf l L  = U n v n L  = TJDL = A and  h e n c e ,  A i s  a n o rm a l  M -sub loop
o f  B.
Now, a p p ly i n g  Lemma 3 .2  (v) w i t h  G- r e p l a c e d  by U, we 
h a v e  KB/KA = B/ ACKOB) .  And s i n c e  KB = K ( U O V ) ,  KA =
K ( U O L ) ,  B = u n v  and  A(KOB)  = (UAL)  ( K D U n v )  =
( n n  L) ( K A V ) , p a r t  ( i )  o f  t h e  lemma f o l l o w s .  P a r t  ( i i )  
f o l l o w s  by  t h e  same r e a s o n i n g  when TJ i s  r e p l a c e d  by  V and  K 
i s  r e p l a c e d  b y  L t h r o u g h o u t ,  Q . E . D .
S e c t i o n  2 . J o r d a n - H o l d e r  T heorem . The r e s u l t s  l e a d i n g
t o  th e  J o r d a n - B o ld e r  Theorem , w i t h  some s l i g h t  d i g r e s s i o n s ,
w i l l  now be  g i v e n .  An M -norm al s e r i e s  o f  an  o p e r a t o r  lo o p
(G-,M) i s  a  f i n i t e  d e s c e n d in g  c h a i n
3.5 G = Gg 3  3  Gg 3  . . .  3  = 1
w here  1 i s  t h e  i d e n t i t y  o f  t h e  lo o p  and w here  G^ i s  a n o rm a l
M -sub loop  i n  G^ ^ f o r  a l l  i  = l , 2 , , . . , r .  The M - f a c to r  lo o p s
G /G -,, G ^ / G ^ , . . . ,  G _ / G a r e  c a l l e d  t h e  f a c t o r s  o f  th eJ- i- £1 r —1 r
M -norm al s e r i e s .  The M -norm al s e r i e s
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
37
3 .6  G = H 13 H : ]  . . .  3  B = 1
I s  s a i d  t o  b e  a  r e f i n e m e n t  o f  t h e  M -norm al s e r i e s  3 .5  i f  e a c h  
o f  t h e  G-̂  a p p e a r s  i n  3 .6  a s  some one o f  t h e  H . ,  The s e r i e s
3.6 i s  c a l l e d  a p r o p e r  r e f i n e m e n t  o f  3.5 i f  3.5 i s  n o t  a  
r e f i n e m e n t ' o f  3 . 6 .  F i n a l l y ,  two M -norm al s e r i e s  w i l l  be  
c a l l e d  e q u i v a l e n t  i f  t h e r e  i s  a  o n e -o n e  c o r r e s p o n d e n c e  
b e tw e e n  t h e  f a c t o r s  o f  t h e  r e s p e c t i v e  s e r i e s  s u c h  t h a t  
c o r r e s p o n d i n g  f a c t o r s  a r e  M - iso m o rp h ic .  We h a v e  t h e  f o l l o w ­
in g  th e o re m  c o n c e r n i n g  r e f i n e m e n t s :
Theorem 3 . 1  S h r e i e r ' s  R e f in e m e n t  Theorem . I f  (G,M) 
i s  an  operator lo o p  and  i f  3 .5  and 3 .6  a r e  any two M -normal 
s e r i e s  o f  ( G, M) , t h e n  3 . 5  and  3 .6  p o s s e s s  e q u i v a l e n t  r e f i n e ­
m en ts  .
P r o o f .  D e f in e  G . = G. (G H .) f o r  1 = j  ^  t ,  1 ^
X  ̂ J  X X “ X J
i  = r  and  H. . = H (H. n  G .) f o r  1 = i  ^  r ,  1 = j = t .  Mow,
J  J ~ i  1
s i n c e  G ^_^n D  f o r  1 ^  i  = r  and  1 = j  ^  t ,
t h e n  G. . O  G f o r  a l l  m e a n in g f u l  v a l u e s  o f  i , j .  F u r t h e r ,
1  » J  f  J J  + 1
H. n o rm a l i n  H. and  G n o rm a l  i n  G , t o g e t h e r  w i t h  t h ej +1 J i  i -1
p r o o f  o f  Lemma 3 .3  w here  U, V, K, L a r e  r e p l a c e d  by  G. , H . ,
1 - 1  J
r e s p e c t i v e l y ,  f o r  e a c h  p a r t i c u l a r  i , j ,  im p ly  t h a t
G^ i s  n o rm a l  i n  G^  ̂ f o r  l  = i -  r ,  l ^ j ^ t .  A l s o ,
when we n o te  t h a t  G „ = G^, G. . = G . _ = G. f o r  i  =
1,0 0 i , t  1+1,0 1
I , 2 , , . , , r - l  an d  G^ = 1 ,  we s e e  t h a t  t h e  M -norm al s e r i e s
3 .7  G = G ^ ^ ^ O  G^^^ 3  . . .  D  G i ^ t - 1  ^  ^ 2 , 0 ^  * ' *  ^ ^ r , t  ^
i s  a r e f i n e m e n t  o f  3 , 5 .  S i m i l a r l y ,  H. n o rm a l i n  H
1+1, j  i , j
and  f o r  j  = l , 2, . . . , t - l ,  and
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_ . /E .  . when U, V, K, L a r e  r e p l a c e d  by  G-. ,E .  . ,Q. ,H .
1- 1, j '  i , j  1-1 J - l  1 J
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H ^ = 1 im p ly  t h a t  t h e  M -norm al s e r i e s  r ,  t
3.8 G = • • •  ^ r - 1 , 1 ^  ^ 0,2 ^  *** ^  ^ r , t  "  ^
i s  a r e f i n e m e n t  o f  3 . 6 .  A l s o ,  b o t h  3 . 7  and  3 .8  h av e  r t  t e rm s
and  Lemma 3 .3  i m p l i e s  t h a t  G. . /G .  . i s  M -iso m o rp h ic  to
1» J - l  I f  J
r e s p e c t i v e l y  f o r  e a c h  p a r t i c u l a r  i , j .  H ence , t h e  r e f i n e m e n t s
3 .7  and  3 .8  a r e  e q u i v a l e n t .  Q . E . D .
We s h a l l  s a y  t h a t  t h e  n o rm a l  M -sub loop  H o f  t h e  o p e r a t o r  
lo o p  (G,M) i s  m ax im al i n  G i f  t h e r e  e x i s t s  no n o rm a l  M -sub­
lo o p  K o f  G s u c h  t h a t  G D K D H, An M -o o m p o s i t io n  s e r i e s  o f  
an o p e r a t o r  lo o p  (G,M) i s  a d e s c e n d in g  c h a i n  G =
G^ 3  G_ D  G^ Z) . . .  3  G = 1  w h e re  e a c h  G, i s  a m ax im al,
0  1 2  r  1
n o rm a l  M -sub loop  o f  G^_^.  I f  H i s  a  n o rm a l  M -sub loop  o f  
(G,M) and  i f  H^C C  C  . . .  i s  an a s c e n d in g  c h a i n  o f  
n o rm a l  M -su b lo o p s  o f  H, l e t  t h e r e  b e  an  i n t e g e r  k  f o r  w h ic h
f o r  a l l  i  = 1 , 2 , . . .  . Then (G,M) i s  s a i d  t o  s a t i s -B
f y  t h e  a s c e n d in g  c h a i n  c o n d i t i o n . (G,M) s a t i s f i e s  th e
d e s c e n d in g  c h a i n  c o n d i t i o n  i f  f o r  e v e r y  d e s c e n d in g  c h a i n  G =
Hp, 3  3  . . .  o f  M -s u b lo o p s ,  w here  H. i s  n o rm a l  i n  H,  ̂ f o ru i. i  i —1
a l l  i  = 1 , 2 , . . , ,  t h e r e  i s  an  i n t e g e r  k  s u c h  t h a t  B = H
k k+J
f o r  a l l  j  = 1 , 2 , . , .  . C o n c e rn in g  t h e  e x i s t e n c e  o f  M-oompo­
s i t i o n  s e r i e s  we h a v e :
Lemma 3.U  An o p e r a t o r  lo o p  (G,M) h a s  an  M -o o m p o s i t io n  
s e r i e s  i f  an d  o n ly  i f  (G,M) s a t i s f i e s  t h e  a s c e n d in g  and  
d e s c e n d in g  c h a i n  c o n d i t i o n s .
P r o o f .  Assume (G,M) s a t i s f i e s  b o t h  c h a i n  c o n d i t i o n s .
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Now, I f  N i s  a p r o p e r  n o rm a l  M -sub loop  o f  G, t h e n  e i t h e r  N 
I s  M -sim p ie ,  t h a t  i s ,  N c o n t a i n s  no n o rm al M -sub loop  o t h e r  
t h a n  i t s e l f  and  t h e  i d e n t i t y  o f  t h e  l o o p ,  or, a s  we s h a l l  
show, i t  h a s  a m ax im al n o rm a l  M -su b lo o p ,  A ssum ing th e  c o n ­
t r a r y ,  i f  BL̂  i s  a  p r o p e r  n o rm a l  M -sub loop  o f  N, i s  n o t
m ax im a l,  and  so  t h e r e  e x i s t s  H 3  H w here  H i s  a p r o p e r
2  J- 2
n o rm a l M -sub loop  o f  N, I t  i s  p o s s i b l e  t o  c o n t i n u e  t h i s  
i n d e f i n i t e l y ,  p r o d u c i n g  a  n o n - t e r m i n a t i n g  a s c e n d in g  c h a i n  
w h ic h  c o n t r a d i c t s  t h e  a s c e n d in g  c h a i n  c o n d i t i o n .
Now, i n  p a r t i c u l a r ,  l e t  N = G. T hen , e i t h e r  G i s  
M -si m p i e , i n  w h ic h  c a s e  t h e r e  i s  an  M -o o m p o s i t io n  s e r i e s ,  o r  
G c o n t a i n s  a  m axim al n o rm a l  M -sub loop  A g a in ,  e i t h e r
i s  M -sim p ie ,  i n  w h ic h  c a s e  we a g a i n  h a v e  an  M -o o m p o s i t io n  
s e r i e s ,  o r  c o n t a i n s  a  m axim al n o rm a l M -sub loop  I f  i t
i s  p o s s i b l e  t o  c o n t i n u e  t h i s  p r o c e s s  i n d e f i n i t e l y ,  a p r o p e r l y  
d e s c e n d in g  c h a i n  G = O  3  w h ic h  does n o t  t e r m i n a t e  
i s  o b t a i n e d ,  c o n t r a d i c t i n g  t h e  d e s c e n d in g  c h a i n  c o n d i t i o n .  
H ence , t h e r e  m u s t  be  some i n t e g e r  k  s u c h  t h a t  i s  M -sim p ie  
and  so G = H q 3  D  , , , 3  H ^ 3  1 i s  an  M -c o m p o s i t io n  s e r i e s  
fo r  (G,M) .
Assume (G,M) h a s  an  M -c o m p o s i t io n  s e r i e s  
3.9 G = Gq D . . .  3  G^ = 1,
L e t  N be any  n o rm a l  M -sub loop  o f  (G,M) and  l e t  H ^ C  H ^C  , . ,  
b e  a n  a s c e n d in g  c h a i n  o f  n o rm a l  M -su b lo o p s  o f  N. We now 
a s s e r t  t h a t  t h e  nnm ber o f  d i s t i n c t  c a n n o t  e x c e e d  r - 2 .  I t  
i s  c l e a r  t h a t  i n  any  c a s e .
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3 .1 0  1 C H ^C  H gC  . . .  C  H ^ _ g C  N C  0
i s  an  M -norm al s e r i e s  and  h e n c e ,  by Theorem 3 .1 »  p o s s e s s e s  a  
r e f i n e m e n t  e q u i v a l e n t  t o  a  r e f i n e m e n t  o f  3 . 9 .  B ut s i n c e  3 .9  
i s  an  M -c o m p o s i t io n  s e r i e s ,  i t  h a s  no p r o p e r  r e f i n e m e n t s .  
T h u s ,  t h e  r e f i n e m e n t  o f  3 .1 0  c an  h a v e  no more t h a n  r+ 1  d i s ­
t i n c t  t e r m s .  H en ce ,  (G,M) s a t i s f i e s  t h e  a s c e n d in g  c h a i n  
c o n d i t i o n .  S i m i l a r  r e a s o n i n g  shows t h a t  (G,M) s a t i s f i e s  t h e  
d e s c e n d in g  c h a i n  c o n d i t i o n  a l s o ,  Q . E . D .
Theorem  3 .2  J o r d a n - H o ld e r  Theorem . Any two M-compo­
s i t i o n  s e r i e s  o f  an  o p e r a t o r  lo o p  (G,M) a r e  e q u i v a l e n t .
P r o o f ,  I f  two M -c o m p o s i t io n  s e r i e s  a r e  g i v e n ,  t h e y  
p o s s e s s  e q u i v a l e n t  r e f i n e m e n t s .  H ow ever, s i n c e  an  M -com posi­
t i o n  s e r i e s  h a s  no p r o p e r  r e f i n e m e n t ,  t h e  g iv e n  M -c o m p o s i t io n  
s e r i e s  m ust be  e q u i v a l e n t .
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CHAPTER IV LATTICES
S e c t i o n  1 . P r e l i m i n a r y  R e s u l t s . The w e l l -k n o w n  d e v e l ­
opm ent o f  t h e  J o r d a n - H o l d e r  Theorem  f o r  g ro u p s  w i t h  o p e r a t o r s  
and  t h e  c o r r e s p o n d i n g  d e v e lo p m e n t  p r e s e n t e d  i n  t h e  p r e v i o u s  
c h a p t e r  f o r  lo o p s  w i t h  o p e r a t o r s  s u g g e s t  t h a t  t h e s e  may o n ly  
be  exam ples o f  some e v e n  more b a s i c  t h e o r y .  I n d e e d ,  t h i s  i s  
t h e  c a s e ,  and  i n  t h i s  c h a p t e r  we w i l l  d e a l  w i t h  an  a b s t r a c t  
s y s te m  c a l l e d  a  l a t t i c e ,  w hose g e n e r a l  t h e o r y  y i e l d s  th e  
J o r d a n - H o ld e r  Theorem  f o r  l o o p s .  A c t u a l l y ,  we w i l l  c a r r y  th e  
s t u d y  o n ly  f a r  enough  t o  e n a b le  u s  t o  p r o v e  t h e  l a t t e r  
th e o re m  f o r  M -c h ie f  s e r i e s ,  r a t h e r  t h a n  t h e  M -c o m p o s i t io n  
s e r i e s  o f  t h e  p r e v i o u s  c h a p t e r -  An M -c h ie f  s e r i e s  d i f f e r s  
f ro m  an  M -c o m p o s i t io n  s e r i e s  i n  t h a t  e a c h  t e r m  o f  t h e  f o rm e r  
i s  a  n o rm al M -sub loop  o f  t h e  e n t i r e  M -loo p . The c o m p le te  
l a t t i c e  t h e o r y  d e v e lo p m e n t  may be  fo u n d  i n  B l r k h o f f  ( 1 ) ,
A p a r t i a l l y  o r d e r e d  s e t  i s  any  s e t  S w i t h  a  r e l a t i o n  = 
w h ic h  s a t i s f i e s  t h e  f o l l o w i n g  p o s t u l a t e s ;  ( i )  a  = b and  b = 
a h o ld  i f  and  o n ly  i f  a  = b ;  ( i i )  i f  a -  b and  b ^  c ,  t h e n  
a = c .  I f  A i s  a  s u b s e t  o f  a p a r t i a l l y  o r d e r e d  s e t  S ,  an  
e le m e n t  u  o f  S i s  s a i d  to  b e  a n  u p p e r  bound  f o r  A i f  u  = a 
f o r  a l l  a  i n  A, The e le m e n t  u  i s  a  l e a s t  u p p e r  bound o f  t h e  
s u b s e t  A i f  u  i s  an  u p p e r  bound  f o r  A and  i f ,  f o r  any u p p e r  
bound  V f o r  A, v  = u .  E v i d e n t l y ,  t h e  f i r s t  p o s t u l a t e  f o r  a  
p a r t i a l l y  o r d e r e d  s e t  i m p l i e s  t h a t  i f  a s u b s e t  h a s  a l e a s t
i .̂1
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u p p e r  b o u n d , i t  i s  u n i q u e .  Lower bounds o f  a s u b s e t  and t h e  
g r e a t e s t  lo w e r  bo und  o f  a  s u b s e t  a r e  d e f i n e d  i n  t h e  same 
m an n e r .  We  s h a l l  u s e  t h e  a b b r e v i a t i o n s  l u b  and  g ib  f o r  l e a s t  
u p p e r  bound  and g r e a t e s t  lo w e r  boun d  r e s p e c t i v e l y .
A l a t t i c e  i s  a  p a r t i a l l y  o r d e r e d  s e t  S i n  w h ic h  any two 
e le m e n ts  a ,b  h a v e  a n  lu b  and  a g i b .  The l u b  o f  a , b  and t h e  
g ib  o f  a , b  w i l l  be  d e n o te d  by  a u b  and a r \ b  r e s p e c t i v e l y .
By v i r t u e  o f  t h e  f o l l o w i n g  r e s u l t  a n  e q u i v a l e n t  and  s l i g h t l y  
more u s e f u l  d e f i n i t i o n  i s  o b t a i n e d .
Lemma 4 . 1  A s e t  L i n  w h ic h  t h e r e  a r e  d e f i n e d  two 
b i n a r y  c o m p o s i t io n s  (+) an d  ( • )  i s  a  l a t t i c e  i n  w h ic h  a+b 
and a*b a r e  t h e  lu b  and  g ib  r e s p e c t i v e l y  o f  t h e  e le m e n ts  a , b  
i f  and  o n ly  i f :
4.1 a+b = b + a ,  a*b = b * a ,
4.2 ( a+b) +c  = a + ( b + c ) , ( a * b ) * c  = a * ( b » c ) ,
4.3 a+a  = a ,  a * a  = a ,
4.4 ( a + b ) * a  = a ,  ( a * b ) + a  = a ,
f o r  a l l  a , b , c  i n  L.
P r o o f ,  Assume L i s  a  l a t t i c e .  T hen , { f \ )  and  ( ) may 
be  r e g a r d e d  a s  b i n a r y  c o m p o s i t io n s  d e f i n e d  on L. We now show 
t h a t  t h e s e  two c o m p o s i t io n s  s a t i s f y  t h e  c o n d i t i o n s  o b t a i n e d  
f ro m  4,1 t h r o u g h  4*4 when {+) , ( • )  a r e  r e p l a c e d  by  ( o ) ,  ( r t )  
r e s p e c t i v e l y .
S in c e  t h e  o r d e r  o f  t h e  e le m e n t s  was i m m a te r i a l  i n  t h e  
d e f i n i t i o n  o f  a u b  and a n b ,  4*1 f o l l o w s  im m e d ia te ly .
Now, i f  a , b , c  a r e  any  t h r e e  e le m e n t s  o f  L , t h e n  a U b  =
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a , b  and  so ( a u b ) v ^ c  = a , b , c ,  w here  x  ^  s , t , r  i s  -u n d e rs to o d  
t o  mean x  = s ,  x  = t ,  and  x  = r .  I f  v  i s  any  o t h e r  e le m e n t  
o f  L f o r  w h ic h  v = a , b , c ,  t h e n  v -  a , b  i m p l i e s  v = a u b  and 
80 V = ( a u b ) u c .  H en ce ,  t h e  lu b  o f  t h e  s-ubset a , b , c  e x i s t s  
and  i s  ( a u b )  w c .  A g a in ,  i t  c o u ld  be  shown t h a t  t h e  lu b  o f  
t h e  s u b s e t  a , b , c  i s  a u ( b u c )  and  t h u s ,  ( a u b )  u  c = a u ( b u c )  
s i n c e  t h e  l u b  o f  a  s u b s e t  i s  u n i q u e .  S i m i l a r  r e a s o n i n g  
i m p l i e s  ( a n b )  r\  c = a A ( b n c )  and h e n c e ,  l\.,2 h o l d s .
F o r  a l l  a i n  L , we h av e  a u a  -  a b u t  a l s o ,  t h e  f i r s t  
p o s t u l a t e  o f  a  p a r t i a l l y  o r d e r e d  s e t  i m p l i e s  a -  a and  t h u s ,
a = a u a .  How, a p p ly i n g  t h e  f i r s t  p o s t u l a t e  a g a i n ,  a u a  = a ;
a n  a = a  f o l lo w s  by s i m i l a r  r e a s o n i n g  an d  h e n c e ,  i| .3 h o l d s .
F i n a l l y ,  t o  show s i n c e  a  -  a  and  a u b  = a ,  then
( a u b )  r \ a  -  a ;  b u t  a  ^  ( a u b )  n  a i m p l i e s  a  = ( a u  b) n  a .  
S i m i l a r l y ,  a = a A b , a  = a  im p ly  a  = ( a n b ) u a ,  s o  a =
( a n b )  u  a .
C o n v e r s e ly ,  assum e L i s  a s e t  w i t h  t h e  two c o m p o s i t io n s  
(+) and  ( • )  w h ic h  s a t i s f y  t h e  p r o p e r t i e s  i | , l  t h r o u g h  
We t h e n  show t h a t  L i s  a l a t t i c e  r e l a t i v e  t o  some s u i t a b l y  
d e f i n e d  r e l a t i o n  R w h e re  a+b = lu b  ( w i t h  r e s p e c t  t o  t h e  r e l a ­
t i o n  R) o f  a , b  and  a*b = g i b  ( w i th  r e s p e c t  t o  R) o f  a , b .
F i r s t ,  h o w e v e r ,  we n o t e  t h a t  i n  ass-uming t h e  c o n d i t i o n s  
we a r e  a s su m in g  t h a t  f o r  e v e r y  p r o p e r t y  o f  t h e  c o m p o s i t io n  
(+) t h e r e  i s  a c o r r e s p o n d i n g  p r o p e r t y  o f  ( • ) .  H ence , f o r  
any s t a t e m e n t  w h ic h  f o l l o w s  f ro m  t h e  c o n d i t i o n s  t h e r e  i s  a  
v a l i d  d u a l  s t a t e m e n t  w h ic h  i s  o b t a i n e d  by  i n t e r c h a n g i n g  (+)
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and {•) t h r o u g h o u t  t h e  d e d u c t io n  o f  t h e  o r i g i n a l  s t a t e m e n t .  
T h is  i s  t h e  u s e f u l  p r i n c i p l e  o f  d u a l i t y  f o r  l a t t i c e s .
Now, i f  a , b  a r e  two e le m e n t s  o f  L , t h e n  t h e  s t a t e m e n t s  
a+h = a  and a*b = b a r e  e q u i v a l e n t ;  f o r  i f  a+b = a ,  t h e n  i | . . l  
and  im p ly  a*b = ( a+b ) *b  = (b+a) *b = b .  T h a t  a .b  = b
i in p l i e s  a+b = a  i s  t h e  d u a l  s t a t e m e n t .
I f  a ,b  a r e  any two e le m e n ts  o f  L , d e f i n e  t h e  r e l a t i o n  R
by a  R b i f  an d  o n l y  i f  a+b = a ( o r ,  a*b = b ) . W ith  t h i s
d e f i n i t i o n ,  i t  i s  c l e a r  t h a t  i n  d u a l i z i n g  a  s t a t e m e n t ,  a  R b 
m u st b e  r e p l a c e d  by  b R a .  We now show t h a t  L t o g e t h e r  w i t h  
t h e  r e l a t i o n  R i s  a  p a r t i a l l y  o r d e r e d  s e t .  Suppose  a  R b 
and  b R a ; t h e n  a+b = a and  b+a = b ,  so  t h a t  a = b by  Ij.,1.
C o n v e r s e ly ,  i m p l i e s  a R a so  t h e  f i r s t  p o s t u l a t e  f o r  a
p a r t i a l l y  o r d e r e d  s e t  h o l d s .  A g a in ,  assum e a R b and b R c
so  a+b = a and  b+c = b .  Then I4..2 i m p l i e s  a+c = ( a+b) +c -
a+( b+c)  = a+b = a .  Hence a R c ,  show ing  t h a t  t h e  se c o n d  
p o s t u l a t e  f o r  a p a r t i a l l y  o r d e r e d  s e t  h o l d s .
F i n a l l y ,  ( a + b ) * a  = a and  ( a +b ) *b  = ( b+a ) *b  = b im p ly
(a+b) R a and ( a+b) R b so  a+b i s  an  u p p e r  bound  w i t h  r e s p e c t  
t o  R f o r  a , b .  I f  v i s  any  o t h e r  e le m e n t  o f  L f o r  w h ic h  
V  R a , b  t h e n  v+a -  v and  v+b = v .  H ence , ( a + b ) +v = a+(b+v) = 
a+v = V and so  a+b i s  t h e  lu b  ( w i th  r e s p e c t  t o  R) o f  a , b .  
R e c a l l i n g  t h e  s t a t e m e n t  made i n  t h e  p r e v i o u s  p a r a g r a p h  c o n ­
c e r n i n g  d u a l  s t a t e m e n t s ,  i t  i s  c l e a r  t h a t  t h e  d u a l  s t a t e m e n t  
w ould  show t h a t  a*b i s  t h e  g ib  ( w i t h  r e s p e c t  to  R) o f  a , b .  
Q. E. D.
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To s-uramarize, we h a v e  t h e  f o l l o w i n g ;
C o r o l l a r y  1 . I f  L i s  a l a t t i c e  w i t h  r e s p e c t  t o  t h e  
r e l a t i o n  = and I f  t h e  r e l a t i o n  R I s  d e f i n e d  as  above w i t h  
( + ) , ( • )  r e p l a c e d  by  ( u ) , ( o )  r e s p e c t i v e l y ,  t h e n  x  R y  I f  
and  o n ly  I f  x  = y  f o r  x , y  I n  L.
P r o o f .  Assume x  R y .  S in c e  x R y I s  e q u i v a l e n t  t o  
x U y  = X ,  t h e n  x = x u y  = y  I m p l i e s  x  = y .  C o n v e r s e ly ,  I f  
X  = y ,  t h e n  x  = x  I m p l i e s  x  = x u y .  But x U y  - x ,  so x u y  = 
X ,  t h a t  I s ,  X  R y .  Q . E . D .
A s u b s e t  M o f  a l a t t i c e  I s  c a l l e d  a  s u b l a t t i c e  I f  f o r  
a l l  a , b  I n  M, a u b  and  a n b  a r e  I n  M a l s o .  W hile  I t  I s  e v i ­
d e n t  t h a t  a s u b l a t t i c e  I s  a l a t t i c e  r e l a t i v e  to  t h e  c o m p o s i ­
t i o n s  In d u c e d  by  L , I t  I s  a l s o  e a s i l y  shown ( s e e  J a c o b s o n ,  6) 
t h a t  a s u b s e t  o f  a  l a t t i c e  may be  a l a t t i c e  r e l a t i v e  to  t h e  
r e l a t i o n  = d e f i n e d  I n  L w i t h o u t  b e i n g  a  s u b l a t t i c e .  I f  b I s  
a f i x e d  e le m e n t  o f  a l a t t i c e  L , I t  I s  c l e a r  t h a t  t h e  s u b s e t  
c o n s i s t i n g  o f  t h o s e  x  I n  L f o r  w h ic h  x = b (b = x) I s  a  s u b -  
l a t t i c e .  A l s o ,  I f  a -  b a r e  f i x e d  e le m e n ts  I n  L , t h e  s u b s e t  
c o n s i s t i n g  o f  t h o s e  x f o r  w h ic h  a  = x = b I s  a s u b l a t t i c e ;  
s u c h  a s u b l a t t i c e  I s  c a l l e d  a  c l o s e d  I n t e r v a l  and  w i l l  be  
d e n o te d  b y  l C a , b 3 .  A homomorphism o f  a  l a t t i c e  L I n t o  a 
l a t t i c e  L'" I s  a  m app ing  Tp w here  ( aub ) Tp  = aT^Uhrp and ( a  A b)}p 
aT^AbT^. An Iso m o rp h ism  o f  a l a t t i c e  L o n to  a l a t t i c e  L'* I s  
a homomorphism w h ic h .  I n  a d d i t i o n  t o  t h e  a b o v e .  I s  a l s o  o n e -  
o n e .  A m apping  a a ^  o f  a l a t t i c e  L I n t o  a l a t t i c e  L'" I s  
c a l l e d  o r d e r  p r e s e r v i n g  I f  a = b I m p l i e s  aô  = b ^ .
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Lemma 1|.,2 A o n e -o n e  m app ing  TJ? o f  a l a t t i c e  L o n to  a
l a t t i c e  L'’ i s  an  i so m o rp h is m  o f  L o n to  L'  ̂i f  and  o n ly  i f  b o t h
7̂  and  a r e  o r d e r  p r e s e r v i n g .
P r o o f ,  Assnme i s  an  iso m o rp h is m  and l e t  a = b w here  
a ,b  a r e  i n  L , T hen , a u b  = a ;  h e n c e ,  a7pub>7 = ( aub)"/^ -  a)^, 
so = b7  ̂and  7̂  i s  o r d e r  p r e s e r v i n g .  L e t  x , y  be  i n  i f  and
l e t  X = y ;  t h e n  l e t  aTp = x  and  b7j> = y  d e f i n e  a ,b  i n  L.  How,
aT̂  = b"Y i m p l i e s  ( a u b ) ? p  = arpubr^ = a7^ by  t h e  C o r o l l a r y  t o  
Lemma I4. . I  a n d ,  s i n c e  ?p i s  o n e - o n e ,  a U b  = a so  a - b .  S in c e  
a = x)y" ,̂ b = y?p" ,̂ r f '  i s  o r d e r  p r e s e r v i n g .
C o n v e r s e ly ,  l e t  7p, 7̂ ‘̂ be o n e -o n e  o n to  m ap p ing s  w h ic h  a r e
o r d e r  p r e s e r v i n g ,  and  l e t  d = a U b ,  w here  a , b  a r e  any e l e ­
m en ts  i n  L. T h en , s i n c e  i s  o r d e r  p r e s e r v i n g ,  d ^  a  and
d = b im p ly  dT̂  -  oyj, d?^ -  b ^ .  I f  x i s  an e le m e n t  o f  i f  f o r
w h ic h  X = aTp and x  -  bT  ̂ t h e r e  i s  an  e i n  L s u c h  t h a t  e?p = x .
T h u s ,  e?p -  a?p, -  b ^  and  s i n c e  7̂ "̂  i s  o r d e r  p r e s e r v i n g ,
e -  a ,  e -  b ;  h e n c e  e = a U b = d . B u t a g a i n ,  o r d e r  p r e ­
s e r v i n g  i m p l i e s  e?y = x  -  d ^  and  t h u s  ( a u b ) ? ^  = d ^  = a?pUbîp. 
T h a t  (a  Ab)?y = aT^n b?y i s  t h e  d u a l  s t a t e m e n t .  Q . E . D .
S e c t i o n  2 . M odu la r  L a t t i c e s  and  t h e  J o r d a n - H o ld e r  
T h eo rem . L e t  x , y , z  be  e le m e n ts  o f  a l a t t i c e  L. Then i t  i s  
e a s i l y  shown t h a t  j  = z i m p l i e s  
I|-.^ X n y  = X n z .
We se e  t h a t  i f  a , b , c  are . any t h r e e  e le m e n ts  o f  a l a t t i c e  L 
t h e n ,  s i n c e  b u c  = b ,  b u c  = c ,  i | . 5  i m p l i e s  a n  ( b u c )  i s  an  
u p p e r  bound f o r  b o t h  a A b  and  a A c . T h u s , f o r  any  l a t t i c e  L,
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4 . 6  a n ( b u c )  = ( a n b ) u ( a n c )
f o r  a l l  a , b , c  I n  L.  I f ,  i n  a d d i t i o n ,  t h e  l a t t i c e  L s a t i s f i e s  
( a n  b) U (a  n o )  = a n  ( b u c )  f o r  a l l  a , b ,  c i n  L,  t h e n  L w i l l  be  
c a l l e d  a d i s t r i b u t i v e  l a t t i c e .  A l th o u g h  t h e r e  a r e  num erous 
exam ples  o f  d i s t r i b u t i v e  l a t t i c e s ,  t h e  more i m p o r t a n t  l a t t i c e s  
w h ic h  o c c u r  a r e  n o t  d i s t r i b u t i v e  b u t  do s a t i s f y  t h e  w e ak e r  
ax iom : I f  a ^  b f o r  a , b  i n  L t h e n ,
I4..7 a A (b U c )  - b u ( a n c ) ,
A l a t t i c e  i s  c a l l e d  m o d u la r  i f  i t  s a t i s f i e s  t h e  c o n d i t i o n  
I4. 7. S in c e  t h e  d u a l  o f  t h i s  ax iom  r e a d s  as  f o l l o w s :  I f  b -
a t h e n  a u ( b n c )  = b n ( a u c ) ,  i t  h a s  t h e  same m ean ing  as  th e  
o r i g i n a l  s t a t e m e n t  and  so  t h e  p r i n c i p l e  o f  d u a l i t y  a p p l i e s  
t o  m o d u la r  l a t t i c e s .
Lemma L|..3 I f  a , b  a r e  any  two e le m e n ts  o f  a m o d u la r  
l a t t i c e ,  t h e  c lo s e d  i n t e r v a l s  I [ a u b , a l  and  I [ b , a n b 3  a r e  
i s o m o r p h ic .
P r o o f .  D e f in e  t h e  m app ing  77 o f  t h e  i n t e r v a l  I [ a u b , a ]  
by x i j  = x n b  f o r  a l l  x  i n  I [ a u  b , a ]  . Wow, i f  x  i s  i n
I [ a  u  b , a ]  t h e n  a u b  = x  -  a  and  so  b = x  A b -  a n b i m p l i e s
x n b  i s  i n  l C b , a A b ]  . M o re o v e r ,  i |..5 i m p l i e s  i s  an  o r d e r  
p r e s e r v i n g  m apping  o f  I [ a u b , a ]  i n t o  l [ b , a n b ] .  Wow, i n  t h e  
l i g h t  o f  Lemma 4 * 2 ,  t o  show t h a t  i s  a n  i s o m o rp h is m , i t  
w i l l  be  s u f f i c i e n t  t o  show t h a t  h a s  a  t w o - s i d e d  i n v e r s e
w h ic h  i s  a l s o  o r d e r  p r e s e r v i n g .  Toward t h i s  e n d ,  d e f i n e  t h e  
m app ing  ê  o f  l [ b , a A b ]  by  y ^  = y u a .  Wow, i f  y  i s  i n
I [ b , a A b ]  , t h e n  b = y  = a A b ,  so  b u  a -  y  u a  -  a  b y  t h e  d u a l
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s t a t e m e n t  o f  and  t h u s  0  i s  a  m app ing  o f  l [ b , a n b l  i n t o  
I [ a u b , a l .  F u r t h e r ,  i f  x -  y ,  t h e n  x 0  = x u a  = y w a =  j &  
and so  Ô i s  o r d e r  p r e s e r v i n g .
Now, l e t  X b e  any  e le m e n t  o f  l [ a u b , a j ;  t h e n  x ^  a  and  
so  x{r^e) = ( x n b ) u a  = x n  ( a u b )  by  m o d u l a r i t y .  A l s o ,  a u b  = 
X and so  t h e  C o r o l l a r y  t o  Lemma i \ . . l  i m p l i e s  x{l^Q) =
X n  ( a u b )  = X ,  sho w in g  t h a t  G i s  a t  l e a s t  a  r i g h t  I n v e r s e  
f o r  7j?. The d u a l  a rg u m e n t  i m p l i e s  t h a t  i f  y  i s  i n  l [ b , a / l b ] ,  
t h e n  = y ,  so  t h a t  Ô i s  a l s o  a  l e f t  i n v e r s e  for'TJ). Q . E . D .
The above lemma s u g g e s t s  t h a t  c e r t a i n  t y p e s  o f  c l o s e d  
i n t e r v a l s  may h av e  s p e c i a l  im p o r t a n c e .  Two i n t e r v a l s  I [ w ,x ]  
and I [ y , z ]  i n  a  l a t t i c e  L w i l l  b e  c a l l e d  s i m i l a r  i f  t h e r e  
e x i s t  e le m e n ts  a , b  i n  L s u c h  t h a t  one o f  t h e  p a i r  l [ w , x ] ,  
I [ y , z J  may be r e p r e s e n t e d  by  I [ a v b , a ]  and  t h e  o t h e r  by  
I [ b , a n b J .  F u r t h e r ,  t h e  i n t e r v a l s  l [ r , s ]  and  I [ t , u J  w i l l  b e  
c a l l e d  p r o j e c t i v e  i f  t h e r e  e x i s t s  a  f i n i t e  s e q u e n c e  o f  i n t e r ­
v a l s  b e g in n in g  w i t h  I [ r , 8 ]  and  e n d in g  w i t h  l [ t , u ]  s u c h  t h a t  
c o n s e c u t i v e  p a i r s  o f  i n t e r v a l s  a r e  s i m i l a r -
We n o t e  t h a t  t h e  r e l a t i o n  o f  p r o j e c t i v T t y  i s  an  e q u i v a ­
l e n c e .  C e r t a i n l y ,  any  i n t e r v a l  l [ u , v ]  i s  p r o j e c t i v e  w i t h  
i t s e l f ,  s i n c e  i f  we l e t  a  = v and  u  = b ,  t h e n  b = a  so  
l [ a v b , a ]  = I [ b , a ]  = l [ u , v ]  an d  I [ b , a n b ]  = l [ b , a j  = I [ u , v ] ,  
so  t h a t  th e  i n t e r v a l s  I [ u , v ]  , I [ u , v ]  a r e  s i m i l a r  and  h e n c e ,  
p r o j e c t i v e .
I f  t h e r e  i s  a  f i n i t e  s e q u e n c e  o f  i n t e r v a l s  b e g in n i n g  
w i t h  I [ r , s 3  and  e n d in g  w i t h  I [ t , u J  s u c h  t h a t  c o n s e c u t i v e
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I n t e r v a l s  a r e  s i m i l a r ,  we may r e w r i t e  t h i s  s e q u e n c e  t o  h ave  
i t  b e g i n  w i t h  I [ t , u l  and  end  w i t h  I [ r , s ]  and  so  t h a t  c o n s e ­
c u t i v e  p a i r s  o f  i n t e r v a l s  a r e  s i m i l a r .  T h u s ,  t h e  r e l a t i o n  
o f  p r o j e c t i v i t y  i s  s y m m e tr ic .
F i n a l l y ,  i f  I [ u , v ]  and  I [ r , s ]  a r e  p r o j e c t i v e  and  a l s o  
I [ r , s ]  and i r x , y 1 a r e  p r o j e c t i v e ,  we may j o i n  t h e  two c h a i n s  
o f  i n t e r v a l s  t o g e t h e r  t o  o b t a i n  a  s i n g l e  c h a i n  b e g in n in g  
w i t h  I [ u , v J  a n d  e n d in g  w i t h  I C x , y ] ,  w h ere  c o n s e c u t i v e  p a i r s  
a r e  s i m i l a r .  H en ce ,  p r o j e c t i v i t y  i s  an  e q u iv a l e n c e  r e l a t i o n .
I n  o r d e r  t o  g i v e  t h e  p r e v i o u s  m a t e r i a l  o f  t h i s  c h a p t e r  
m ore m e a n in g ,  we t u r n  o u r  a t t e n t i o n  f o r  t h e  moment t o  th e  
c o l l e c t i o n  o f  n o rm a l  M -su b lo o p s  o f  an  o p e r a t o r  lo o p  (G-,M) . 
E v i d e n t l y ,  t h i s  c o l l e c t i o n  i s  a  p a r t i a l l y  o r d e r e d  s e t ,  w here  
t h e  r e l a t i o n  -  i s  o r d i n a r y  s e t  i n c l u s i o n .  I f  K,L a r e  M -sub­
lo o p s  o f  (G,M),  l e t  {KUL} d e n o te  t h e  s m a l l e s t  M -sub loop  o f  
(G,M) c o n t a i n i n g  b o t h  K and  L . We p r o v e  t h e  f o l l o w i n g  lemma, 
a l t h o u g h  i t  i s  s l i g h t l y  s t r o n g e r  t h a n  n e c e s s a r y .
Lemma I f  K,L a r e  M -su b lo o p s  o f  t h e  o p e r a t o r  lo o p
(G,M) , w here  K i s  a n o rm a l  M -sub loop  o f  {KUL>,  t h e n  (EU L} = 
LE = EL.
P r o o f .  S in c e  E i s  n o rm al i n  { E U L I ,  t h e  F u n d a m en ta l  
Theorem  i m p l i e s  t h e r e  i s  an  M-homomorphism w i t h  k e r n e l  E , 
o f  (EU L] o n to  t h e  M - f a c t o r  lo o p  ( E U L ) / E ,  Now, s i n c e  L i s  
an  M -sub loop  o f  ( E U L } ,  t h e n ,  b y  Theorem  1 . 4 ,  Lip i s  an M -sub- 
lo o p  o f  (K U L } /E , A g a in  by  Theorem  1 . 4 ,  = LE = EL i s
an  M -sub loop  o f  ( E U L ) ;  t h a t  i s ,  ( E U L )  3  LE.
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Now, s i n c e  LK 3  L and  LK 3  K, t h e n  L K 3  L U K .  I n  a d d i ­
t i o n ,  LK an  M -sub lo op  i m p l i e s  LK D ^KU L 3 . Q . E . D .
I f ,  i n  p a r t i c u l a r ,  K,L a r e  b o t h  n o rm al M -su b lo o p s  o f  
(G,M) , t h e n  e i t h e r  i s  a  n o rm a l M -sub loop  o f  ( KUL}  and  C o r o l ­
l a r y  1 ,  Theorem  l . l i ,  i m p l i e s  t h a t  (KUL} = KL = LK i s  a g a i n  
a n o rm a l  M -sub loop  o f  ( G, M) . T h us , i n  t h e  p a r t i a l l y  o r d e r e d  
s e t  o f  n o rm al M -su b lo o p s  o f  (G,M) , t h e  lu b  o f  two n o rm a l  M- 
s u b lo o p s  K,L i s  j u s t  KL = LK; c l e a r l y ,  t h e  g ib  o f  K,L i s  th e  
s e t  i n t e r s e c t i o n  K O L .  H en ce , t h e  c o l l e c t i o n  o f  n o rm a l  M- 
s u b lo o p s  o f  (G,M) i s  a  l a t t i c e .  We a l s o  h a v e  t h e  f o l l o w i n g  
r e s u l t ;
Theorem  1(.,1 The l a t t i c e  o f  n o rm a l  M -su b lo o p s  o f  an  
o p e r a t o r  lo o p  (G,M) i s  m o d u la r .
P r o o f .  L e t  H ,H ,H b e  n o rm a l M -su b lo o p s  o f  (G,M) w hereX d, j
Hi = E g . Me f i r s t  show
i | . 8  H g U ( H ^ n  H^) = E ^ n f H g U H  ) ,
w h ere  we u n d e r s t a n d  t h a t  t h e  sym bo ls  U ,  O  d e n o te  t h e  l a t t i c e
c o m p o s i t i o n s ,  l u b  and  g i b ,  r e s p e c t i v e l y .  T hen , i n  v iew  o f  
t h e  p r e v i o u s  lemma, Ij-.Ô i s  e q u i v a l e n t  to
4 . 9  H . ( H _ n H j  ^  H O H  H .
-L J  1 2 3
L e t  X b e  a n  e le m e n t  o f  H H H H ; t h e n  x  = h  = h  h
1 2 3  1 23
w here  h  , h  , h  a r e  i n  B_,H ,H r e s p e c t i v e l y .  H ow ever, H ^
1 2 3  1 2 3  1
Eg i m p l i e s  h^  ~ i s  i n  H^ a l s o .  T h u s , h^  = h '^ b y  d e t e r ­
m in es  h  i n  H s i n c e  H i s  a  l o o p ,  so  h  i s  i n  H O H . The
3 ^  3 1 3
r e l a t i o n  4*9 now f o l lo w s  f ro m  x  = h ^ h ^ .
F i n a l l y ,  H^ = H^ t o g e t h e r  w i t h  t h e  weak d i s t r i b u t i v i t y
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I n  any l a t t i c e ,  a s  n o t e d  i n  l | . 6, i m p l i e s  (H^U H^) -
(H, n  H„) U  (H-, n  H-3 ) = ) and  t h i s  t o g e t h e r  w i t h  [^.,8X d -L d 1 i
i s  s u f f i c i e n t  t o  p r o v e  t h e  lemma. Q,.E.D.
The f o l l o w i n g  r e s u l t  w i l l  e n a b le  u s  t o  t r a n s l a t e  some 
o f  t h e  l a t t i c e  t h e o r e t i c  r e s u l t s  t o  p r e v i o u s l y  o b t a i n e d  
r e s u l t s  f o r  l o o p s  w i t h  o p e r a t o r s .
Lemma I n  t h e  l a t t i c e  o f  n o rm a l  M -su b lo o p s  o f  an
o p e r a t o r  lo o p  (G,M) p r o j e c t i v i t y  between a p a i r  o f  i n t e r v a l s  
I [K ,L ]  and  I [ R , S ]  I m p l i e s  M -isom orph ism  b e tw e e n  t h e  M - f a c to r  
lo o p s  K /L , R /S .
P r o o f .  I t  w i l l  be  s u f f i c i e n t  t o  c o n s i d e r  a  p a i r  o f  
s i m i l a r  i n t e r v a l s ,  s a y  and  I [H  ,H O H "] , Now,X ^ X 2 1
s i n c e  i s  n o r m a l ,  t h e r e  e x i s t s  an  M-homomorphism 9  o f  
(G-,M) o n to  (g8,M) w i t h  k e r n e l  t h e n ,  a p p ly i n g  Lemma 3 .2  (v) 
w i t h  B r e p l a c e d  by  K r e p l a c e d  by and  A r e p l a c e d  by 1 , 
t h e  i d e n t i t y  o f  (G,M) , we h a v e  ^ 2 '
t h i s  I m p l i e s  H^U Hg/IL Eg/H^A E . Q . E . D .
R e tu r n i n g  now to  t h e  l a t t i c e  t h e o r y  d e v e lo p m e n t ,  i f  
e v e r y  p a i r  o f  e le m e n t s  o f  a  s u b s e t  A o f  a p a r t i a l l y  o r d e r e d  
s e t  S a r e  c o m p a ra b le ,  t h e n  A i s  s a i d  t o  be  a c h a i n . I f  a , b  
a r e  two e le m e n ts  f o r  w h ic h  a = b b u t  a ^  b ,  t h e n  we w r i t e  
a  >  b .  We s a y  t h a t  i s  a c o v e r  f o r  a^  i f  a ^ >  a^ and  t h e r e
e x i s t s  no e le m e n t  u  i n  S f o r  w h ic h  a ^ >  u  >  a ^ .  I f  a , b  a r e
e le m e n t s  o f  a l a t t i c e  L , w here  a  = b ,  we c o n s i d e r  th e  f i n i t e  
c h a i n s  o f  L c o n n e c t i n g  a , b  and  c o n s i s t i n g  o f  e le m e n ts  a^  f o r  
w h ic h
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S2
[j.,10 a  = = . . .  = a ^  = b .
The c h a i n
I j - . l l  a  = b^ = b ^  = = . . .  = b ^  = b
i s  a r e f i n e m e n t  o f  i f  e a c h  o f  t h e  a^  i s  i n c l u d e d  i n
If., 11 a s  one o f  t h e  b y  C o r r e s p o n d in g  t o  e a c h  c h a i n  o f  t h e
fo rm  Ij-.IO t h e r e  a r e  n  c l o s e d  i n t e r v a l s  I [ a . , a .  ]  . Twoi  i+ 1
c h a i n s  w i l l  be  c a l l e d  e q u i v a l e n t  i f  i t  i s  p o s s i b l e  to  p u t  
t h e  i n t e r v a l s  a s s o c i a t e d  w i t h  t h e  c h a i n s  i n  a o n e -o n e  c o r r e ­
sp o n d e n c e  s u c h  t h a t  c o r r e s p o n d i n g  i n t e r v a l s  a r e  p r o j e c t i v e .
The f o l l o w i n g  lemma l e a d s  t o  a  g e n e r a l i z a t i o n  o f  S c h r e i e r ’s 
Theorem  f o r  o p e r a t o r  l o o p s .
Lemma 1|..6 L e t  k , m , u , v  be e le m e n t s  o f  a m o d u la r  l a t t i c e  
L s u c h  t h a t  u  -  k ,  v  = m. T hen ,
( i )  I [ ( u n v )  u  k ,  ( uAm)  u  k ]  and  l [ u n v , ( k n v ) u  ( u n m ) ]  
a r e  s i m i l a r  i n t e r v a l s ,
( i i )  I [  (u n  v) u  m,  (k n  v) u  ïi  ̂ and l [ u  n  v ,  (k n v )  u  ( u n m ) ]  
a r e  s i m i l a r  i n t e r v a l s  and  h e n c e ,  I [ ( u n  v)  U k ,  ( u n m )  u  k l  and
( u  n  v)  u  m, (k A v) U m] a r e  p r o j e c t i v e  i n t e r v a l s .
P r o o f .  To show ( i ) ,  l e t  a  = ( u n m )  u  k  and  b = u  n  v .
T h en , s i n c e  v - m ,  u n v  = u n m ,  so
1^.12 a u b  = ( u n m ) u ' k u ( u n v )  = ( u n m ) v  ( u n v ) u k  = ( u n v ) u k .  
A ls o ,  u n v  = u n m  an d  m o d u l a r i t y  im p ly
I].,13 a n b  = [ ( u n m )  u  k ] n  ( u n v )  = ( u n m ) u  [ ( u n v ) n k ] .
B ut u  -  k  i m p l i e s  [ ( u n v ) k ]  = k O v ,  and  h e n c e ,  I|.,13 becom es 
a n b  = ( u n m )  u  (k n v )  , How, L(.,12 i m p l i e s  t h a t  t h e  i n t e r v a l s  
o f  ( i )  h ave  t h e  fo rm  I [ a u b , a ]  and  l [ b , a n b ]  r e s p e c t i v e l y .
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and  so ( i )  h o l d s ,
( i i )  f o l l o w s  i n  t h e - s  ame way as  ( i ) ,  by  i n t e r c h a n g i n g  u
w i t h  V and  k  w i t h  m t h r o u g h o u t .  Q . E . D .
Theorem  k , 2  ( S c h r e i e r ' s  R e f in e m e n t  Theorem) I f  a , b  a r e
e le m e n ts  o f  a  m o d u la r  l a t t i c e  w here  a = b ,  t h e n  i f  I+.IO and
I4. l l  a r e  any two c h a i n s  c o n n e c t i n g  a , b ,  14,10 and  I4. I I  p o s s e s s
e q u i v a l e n t  r e f i n e m e n t s .
P r o o f .  As i n  t h e  lo o p  w i t h  o p e r a t o r s  c a s e ,  we d e f i n e
a^  j  = ( & i _ i ^ b j ) U a ^  and  b^   ̂ = ( b j _ j A a ^ ) U b j  f o r  0 = i  -
n  and  0 = j  -  m. S in c e  a .   ̂A b . = a .  _ A  b . _ ,  t h e n  a .  . -
i - x  j  1 - 1  j + l
a .  . f o r  a l l  m e a n in g f u l  v a l u e s  o f  i , j . S i m i l a r l y ,  b .  . -
l j J + 1  X ,  J
^ 1+1. J \ , 0  = % ’ * l ,m  = ^ 1+1,0 = '^0,1 = ' ' o '
b ^  . = bn i ,1 = b .  f o r  a l l  m e a n in g f u l  v a l u e s  o f  i , j .  T h u s ,
J  U , J T X  J
a = = ®1,2 -  • • •  = "
and
1^.15 a = -  l>2 , i  = = b
a r e  r e f i n e m e n t s  o f  I4.IO  and  I4. l l  r e s p e c t i v e l y .  F u r t h e r ,  when
we r e p l a c e  u , v , k , m  i n  t h e  c o n c l u s i o n  o f  Lemma 14,6 by  a .  , ,
b . n , a ,  , b . ,  r e s p e c t i v e l y ,  t h e  i n t e r v a l s  I [ a .  . -, , a .  . ]  and
J ” -*- J 1 *  J - X  x , j
I [ b .  -, . , b .  .]  a r e  p r o j e c t i v e .  S in c e  t h i s  may be done f o r
1 —i .  ,  J X jt J
e a c h  s u c h  p a i r  o f  i n t e r v a l s ,  t h e  r e f i n e m e n t s  l|..ll|. and  Ij-.l^
a r e  e q u i v a l e n t .  Q ,.E.D.
I f  a , b  a r e  e l e m e n t s  o f  a  l a t t i c e  L w h e re  a >  b ,  we
d e f i n e  a  c o m p o s i t i o n  c h a i n  c o n n e c t i n g  a , b  t o  b e  a f i n i t e
s e q u e n c e  o f  e le m e n ts  a^ o f  L s u c h  t h a t  a  = a^ >  a ^ >  . . . >
a = b i n  w h ic h  e a c h  a .  i s  a  c o v e r  o f  a , , , .  An e le m e n t  I  o f  
n  1 i +1
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a p a r t i a l l y  o r d e r e d  s e t  i s  c a l l e d  a  i i n i t  i f  I  = a f o r  e v e r y  
a  i n  t h e  s e t  and  an  e le m e n t  0 i s  c a l l e d  a z e ro  e le m e n t  i f  a 
= 0 f o r  e v e r y  a .  E v i d e n t l y ,  i f  t h e s e  e le m e n ts  e x i q t  t h e y  
a r e  u n i q u e .  I f  a l a t t i c e  L c o n t a i n s  a  u n i t  I  and  a z e r o  e l e ­
m ent 0 ,  t h e n  L i s  s a i d  t o  h e  o f  f i n i t e  l e n g t h  i f  t h e r e  e x i s t s  
a c o m p o s i t i o n  c h a i n  c o n n e c t i n g  I  and  0 .
As i n  t h e  lo o p  w i t h , o p e r a t o r s  c a s e ,  t h e  f o l l o w i n g  c o u ld
be  e a s i l y  p r o v e n ,  ¥ e  m e n t io n  t h a t  t h e  n o t a t i o n  a <  b ,  a , b
i n  a p a r t i a l l y  o r d e r e d  s e t ,  i s  e q u i v a l e n t  and  a l t e r n a t i v e  to  
b >  a .
Lemma k »7  A m o d u la r  l a t t i c e  L i s  o f  f i n i t e  l e n g t h  i f  
and  o n ly  i f  L s a t i s f i e s  t h e  f o l l o w i n g  two c h a i n  c o n d i t i o n s ;
( i )  D e s c e n d in g  C h a in  C o n d i t i o n :  T h e re  e x i s t s  no i n f i ­
n i t e  p r o p e r l y  d e s c e n d in g  c h a i n  a^ >  a^  >  . . .  i n  L ,
( i i )  A s c e n d in g  C h a in  C o n d i t i o n ;  T h e re  e x i s t s  no i n f i ­
n i t e  p r o p e r l y  a s c e n d in g  c h a i n  &q <  a ^ <  i n  L.
F i n a l l y ,  we s t a t e  th e  a n a lo q u e  o f  t h e  J o r d a n - B o l d e r  
T heorem , t h e  p r o o f  o f  w h ic h  i s  im m e d ia te  i n  v iew  o f  Theorem  
!(. » 2,
Theorem  lj.,3 Any two c o m p o s i t i o n  c h a i n s  c o n n e c t i n g  two 
e le m e n t s  a , b  i n  a m o d u la r  l a t t i c e  a r e  e q u i v a l e n t .
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